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The techniques tried up till now to model the problem of cracking in 
reinforced concrete have been largely empirical. Many relationships 
have been identified between certain parameters and the occurrence and 
size of cracks. This thesis reviews these, reports on the current 
state of knowledge, and discusses some of the theories proposed. 
Because of the great variation and complexity of the materials and 
stress interactions involved, the problem has to date defied 
completely objective theoretical modelling. The finite element method 
provides a powerful new modelling tool for theoretical simulation of 
complex real problems. Recent developments on constitutive models for 
concrete make this method extremely attractive for use in this case. 
This thesis attempts to make use of these tools by carrying out some 
analyses of the cracking of reinforced concrete prisms stressed in 
tension. The method is found to be a viable way of examining 
mechanisms and effects which are not ordinarily visible in laboratory 
experiments. These mechanisms are discussed in the light of the 
experimental findings recorded in the literature. 
The F.E. models showed that three distinct modes of cracking occur. 
All occurred at questionably low load levels. The major source of bond 
between bar and concrete was shown to be a strut and hoop tension 
effect after very early internal cracking has destroyed the ability of 
the concrete to carry load by shear. The distribution of longitudinal 
stress near primary cracks is discussed and an explanation is proposed 
for surface compressive stresses found in tension members. 
Finally, a proposal is made for a new method of describing cracking in 
reinforced concrete by correlation of the load-strain behaviour of 
reinforced concrete members. A series of future experimental work is 
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1.1 THE INITIAL MOTIVATION BEHIND THE RESEARCH TOPIC 
The initial motivation behind the research topic was the fact that 
cracks had been found in two local reinforced concrete reservoirs 
which had been severe enough to cause leaking. The cracking was 
thought to have been caused by early thermal shrinkage of the 
concrete. The reservoirs, however, had been designed in accordance 
with the relatively new code of practice for liquid retaining 
structures BS 5337 (1976) which has specific clauses to prevent 
this type of cracking. 
The original idea was that this thesis should consist of a largely 
experimental study of cracking in concrete due to early age effects. 
The findings would be related to the literature and the provisions of 
the codes in this regard, particularly those of BS 5337 on liquid 
retaining structures. As far as possible the investigation was to have 
concentrated on the out of areas of inapplicability the 
existing theories which could result in instabilities in the 
consistency of predictions of crack widths made using these theories. 
Preliminary examination of the literature showed that there are areas 
where the theory on which the anti-cracking clauses are based is 
doubtful. with to water retaining structures, there are also 
areas where the code open to misinterpretation or, indeed, might 
actually be misleading. 
Investigation of the general theory of cracking as reported in the 
literature showed that almost every aspect of cracking, when this is 
caused by interaction between steel and concrete, is poorly 
understood. It began to appear to the writer that all of the theories 
expounded in the literature might be seriously flawed. At least, 
there are certain fundamental assumptions which appeared to the 
writer to be in error. How then can a theory built upon these 
suppositions be valid? 
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Whilst not the only manner of controlling cracking in concrete, the 
addition of reinforcement for this purpose is by far the commonest. 
Yet it the lack of understanding of the interaction of stresses 
between reinforcing bars and concrete that seems to lie at the heart 
of the problem. 
It was thus decided to examine the validity some of the fundamental 
assumptions by examining this interaction. Since the measurement of 
internal stresses and strains in real models is fraught with 
difficulty it was proposed, and agreed between the writer and his 
supervisor, that an attempt should be made to model the problem 
mathematically, using the finite element method and the best 
constitutive model (or models) of concrete currently available at the 
University of Cape Town. 
1.2 GENERAL STATEMENT OF THE PROBLEM 
1.2.1 The ill-defined nature of concrete 
When concrete hardens and subsequently gains strength over a period of 
many months and, indeed, years, it is not the inert substance it 
appears to be superficially. 
The initial set of concrete is really only the beginning of the 
process during which it gains strength. Throughout this process, 
which continues almost indefinitely, almost every property of concrete 
is in a state of flux. There are ongoing cherr:ical reactions which are 
continuously changing the crystal structure of the concrete. There 
are internal consequences of external events, such as changes in the 
environment (e.g. temperature and humidity) and changes in load 
applied to the concrete. 
There are the consequences of the chemical reactions occurring 
internally. Heat is given off into the concrete mass, and then lost 
to the environment. Some of the products of the chemical reactions 
have different volumes to those of their constituents. If the 
concrete dries out, it shrinks. Thus there are several different 
internal causes of straining occurring in the concrete plus the 
obvious external one of that due to an applied load. 
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But even if we know all of these effects this does not yet mean we can 
calculate stresses, strains and displacements exactly, for one of the 
changing properties of concrete is its modulus of elastici ty. Then 
there are also the properties that give rise to inelastic strains. 
Yield stresses alter wi th age, as do the criteria for the occurrence 
of fracturing. All strains and stresses are affected by creep, which 
is itself a varying phenomenon. 
1.2.2 The composite nature of concrete 
Even when 1 of the above is considered we still need to consider the 
heterogeneous nature of concrete and the fact that its components have 
different properties from each other. 
From the point of view of cracking the most important properties of 
the components are their characteristics of expansion and contraction 
under various states of stress, temperature, or moisture content. 
It is here that the problem of cracking in concrete really starts. 
Before one has even begun to apply any external loading, there are 
internal effects which come into play, such as differential drying 
shrinkage, thermal shrinkage, and creep, which cause micro-cracking to 
occur. 
1.2.3. Concrete as a structural material 
Despite our knowledge of the composite, unhomogenous nature of 
concrete, when we use it as a structural material we usually treat it 
as being homogeneous and isotropic. We do however acknowledge one of 
its major weaknesses, that of its lack of tensile strength, and 
accordingly we add steel reinforcing to compensate for th The 
point of relevance to this investigation cracking that, in order 
to utilise the greater tensile strength of the steel, we must allow 
the concrete to crack and thus shed its tensile stresses onto the 
reinforcing. 
1.2.4 Types of loads imposed on concrete 
There are two broad categories of loading, which may be identified:­
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(i) Category one includes tensile, bending, shear and 
torsional loads that might be externally applied to 
concrete. 
(2) 	 The second category encompasses all the internally 
applied loads caused by various forms of restraint to 
differential movement. 
1.2.4.1 Externally applied loads 
Although the original brief in this thesis was to examine cracking due 
to early age phenomena, most of the existing formulae have been 
derived from experimental data on externally loaded specimens. For 
that reason they must be considered. They are too, the simplest cases 
to analyse in greater detail. 
The quantification of the loading that will be applied to structures 
during their lifetimes is the subject of considerable debate, 
nevertheless it is possible in most cases to achieve a fair degree of 
accuracy in this regard. Where doubt exists, because the consequences 
of under-design are often severe, engineers usually do not think twice 
about adopting a very conservative estimate, (i.e. applying a very 
large factor of safety.) 
1.2.4.2 Internally applied loads 
When, however, the loading is applied internally it is as a result of 
various forms of restraint coming into play to prevent free movement 
due to intemally occurring thermal and drying shrinkage strains. 
This often not perceived as being of particularly great importance. 
Indeed, this type of loading is unlikely to cause a structure to 
collapse catastrophically. It can and does, however, have a great 
effect on the serviceability of structures when factors such as 
cracking and durability are considered. 
There are two main categories of internally applied loads. These are 
due to: 
a) externally applied restraints 
and b) internally applied restraints 
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Examples of the first type are walls cast on unyielding foundations or 
cast as infill panels between other already hardened panels. There 
are several causes of the second type of restraint including:­
( i ) 	 Differential drying and thermal shrinkage due to 
differing properties of paste and aggregate. 
(ii) 	 Differential drying shrinkage due to moisture gradients 
existing across a concrete section. 
(iii) 	 Differential thermal shrinkage (or expansion) due to 
temperature gradients existing across a section. 
(i v) Differential drying and thermal shrinkage 
occurring between the concrete composite and the 
reinforcing bars. 
Although the various strains that occur during the early life of 
concrete are fairly easy to quantify within tolerable limits, this 
only represents half of the problem. The remaining half lies with the 
quantification of the properties of the material - concrete - which 
are kno~~ to be changing rapidly at these early ages. 
1. 2.5 Summary 
Thus, we have a picture of a tuation where it is extraordinarily 
difficult both to quantify the causes and to calculate the results. 
We might ask ourselves, "why bother? " Concrete has proved itself over 
very many years as an extremely reliable building material. Certainly 
it has cracked, but we have rules and safety factors which, if applied 
properly, mostly prevent this. 
The answer to the question lies in the fact that we can only keep 
cracking down to acceptable limits most of the time. When we do get 
wider cracks these are not only unsightly, but they cause corrosion in 
the steel, and, in water retaining structures we get leaks. A huge 
amount of money is wasted every year because of corrosion of 
reinforcement causing spalling of concrete and the structures, as a 
result, eventually becoming unfit for use. 
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Many authors have observed that the problem of cracking in concrete 
has become worse in recent years and it is thought that one of the 
main causes to have exacerbated it has been the continuing rises in 
the permissible steel stress used in design. 
Beeby (1970), had the following to say about this phenomenon: 
"Since crack widths are proportional to steel stresses, it may be 
seen that a beam designed to carry a particular load in 1969 likely 
to have cracks which are 1.64 times as big as those in a similar beam 
designed in 1945. Similarly, a beam designed according to the new 
British Draft Code of Practice for Structural use of Concrete could 
have cracks 1.3 as wide as those in a beam designed to the 
present Cpl14 and 2. times as large as those in the beam designed in 
1945." 
More recently, we have seen the introduction of a new code of practice 
for liquid retaining structures, BS 5337. This code has similarly led 
to increased stresses being permitted in reinforcing steel. Whilst 
these are lower than those allowed under the general codes the 
consequences of cracks in water retaining structures become very much 
worse, as not only do leaks start to occur, but the presence of the 
liquid, usually water, will mostly increase the rate of corrosion in 
the reinforcing steel. 
1.3 AIMS 	 OF THE THESIS 
This will attempt to explore some of the mysteries surrounding 
cracking in concrete which, in many instances, appears to be a totally 
random phenomenon. 
Initially, a survey will be made of the state of current knowledge and 
theories of the problem. This can be broken down into two broad 
groupings of theories, both of which are based on quite substantial 
stores of experimental observations. 
( . \
,1) 	 Theories on the "macro" behaviour of concrete and 
reinforced concrete. 
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(ii) Theories on the "micro" behaviour of concrete. 
A distinction is made between these two groupings because, very often 
there is little or no overlap between the work carried out in the two 
f 
Although one does not generally want to critic others and their 
work, the writer feels that there is some justification to be critical 
in the case of much of the "macro" theory of cracking as presented in 
the literature. 
The experimental results of "macro" behaviour have certainly shown 
that relationships appear to exist which relate various parameters 
such as cover, bar diameter, reinforcement ratios, etc., to crack 
widths and spacings. Often, however, the authors of papers presenting 
these results have made use of a rather simplistic theory of cracking 
on bond strength for example). This not to say that all of 
the theories are necessarily wrong but, more likely, that they only 
represent a small fraction of the whole picture. Then, at great 
length, rambling "theories" are constructed based on these rather 
shaky foundations. 
The writer has spent a great deal of time trying to unravel some of 
these theories to find that there is often no theory at all but 
rather, just a relationship between a visible parameter an 
effect, which for all we know may be fortuitous. Certainly none of 
the theories presented appears to prove conclusively, in any rigorous 
manner that the relationships have a real foundation in cause and 
effect. In the writer'S opinion some of these cracking theories would 
be better described as rules of thumb. For the most part they work, 
and therefore are a very useful tool to practising engineers, but it 
is only by recognizing them as the rules of thumb that they are that 
their limitations will be appreciated. 
The "micro" theorists have accepted the daunting task of trying to 
describe mathematically the elastic and inelastic response of 
concrete. At present, there appears to be little overlap between 
these two fields, and it is here that the writer hopes to make a small 
contribution. 
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The thesis will sum~arise some of the existing cracking theory for 
hardened concrete in Chapter 2. In Chapter 3 the writer will comment 
on some of the problems inherent in trying to predict cracking due to 
early age effects in immature concrete. In the Addendum the writer 
will deal more fully with the argument that to construct theories on 
the of empirically determined relationships that have not been 
rigorously proved is, at best, dangerous. In the balance of the 
thesis, by using some of the tools developed by the "micro" analysts, 
an attempt is made to model some simple cases of cracking and examine 
the validity of some of the parameters and theories ~ the 
"macro" analysts. Obviously, any exercise in attempting to model a 
real problem will also provide a significant test of the validity of 





A HISTORY OF THE DEVELOPMENT OF CRACK WIDTH FORMULAE 

In the everyday practice of civil and Structural Engineering, time 
does not permit that a complicated cracking analysis be out 
every time a piece of reinforced concrete is specified or designed. 
As has been outlined in Chapter one however, we do expect that the 
concrete will crack. We do therefore need to be able to predict the 
extent of this cracking. Thus we need s formulae that will 
enable us to make these predictions with an acceptable of 
accuracy. 
It essential too that the formulae are given in terms of 
whose values are readily a'"ailable to us, otherwise they become too 
difficult to apply. This, however, could be a bit of a contradiction 
in that the parameters required depend on what being described and 
are not reaaily specified by the analyst. 
hnen carryTing out experimental work, relationships are often observed 
between various parameters and the result being modelled. This kind 
of observation is not usually a completely fortuitous happening, since 
the very fact that the investigator is looking at a particular 
variable, and quantifying it, implies that it has assumed some 
importance in his mind. , the usual tuation is that, before 
the experiments are begun, the investigator selects various parameters 
which he will measure and then try to relate to the subject of the 
investigation. 
Since cracking in reinforced concrete is such a complex phenomenon, 
modelling of it has to date largely been confined to empirical 
modelling of the type described above. Theories have been derived in 
an effort to explain the experimental data. The major developmen~ 
of these theories are presented here, along with the simplifying 
assumptions upon which they depend. 
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2.2 GENERAL ASSUMPTIONS FOR ALL CRACK WIDTH PREDICTION THEORIES FOR 
EXTERNALLY LOADED HARDENED CONCRETE 
All 	of the formulae surveyed have t'wo basic premises: 
(1) 	It is assumed that, for any "adequately" reinforced 
concrete member, a pattern of cracks will fOrInt 
beyond which no further cracking will occur. 
(2) 	 It is assumed that, g the stabilised crack pattern 
assumed in (1) above, the widths of the cracks are roughly 
proportional to the average in the member. 
2.2.1. The proportionality of crack width to crack spacing 
Assuuing fo~ the moment that premise (1) is valid, we can first 






reinforcing bar 	 stabilised crack pattern 
__~__ 2.2: Singly concrete member with stabilised crack 
pattern. 
1 of a singly 
reinforced concrete member with cracks at a stabilised average 
, Sm' apart. If this member now has a tensile force, p, 
applied to each end it may be expected to deform as shown in figure 
Figure 2.2 represents an unstrained section of 
2.3 
11 
y. + cf~ 
~ •••• • •••__m + 
;t-+f3-f-f I 3-=f-=f-f-~-+-+p 

Figure 2.3: Deformation of singly reinforced concrete member. 
Using the centres of two arbitrarily chosen cracks as reference points 
we can now define the average strain, ,sm' in the cracked member as: 
••• (2.1) 
.i\ssuming the residual avera,]e strain in the uncracked concrete at the 
surface to be £cm it is now possible to write a formula for the average 
surface crack width, w • m 
W ::: S (
m m 
... (2.2) 
This concrete strain is normally ignored and the average crack width 
is written as:­
W ::::: S e­m m~m 
••• (2.3) 
Thus, providing we can assume that the residual concrete strain is 
small, premise number (2) is shown to be valid (to a first order of 
approximation) • 
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2.3. 	 PREDICTION OF CRACK SPACING - CLASSICAL THEORIES 
FOR HARDENED CONCRETE 
Equations 2.2 and 2.3 indicate that if we are to be able to calculate 
the width of cracks to any degree of accuracy we must know the spacing 
of the cracks to as least that same degree of accuracy. 
This brings us back to the consideration of the first of the 
assu~ptions enumerated at the beginning of this section. This 
supposition of the existence of a stabilised crack pattern of 
crucial importance to the lity to predict crack widths. More 
important however is that we should have the ability to predict the 
size, and expected distribution of sizes crack spacings. 
2.3.1. Basic assumptions of classical theories. 
All classical theories start with certain basic assumptions with 
regard to the maximum and minimum crack spacings possible in a fully 
developed crack pattern. 
1) 	 Ass~~ing the first crack has just formed. The stress in the 
concrete on the surface of the me~ber immediately adjacent to 
the crack must be zero. 
2) 	 It is assumed that with increasing distance from the crack the 
surface stress will increase. 
3) 	 It assumed that at some distance, S the stress 
o 
distribution in the member remains unaffected by the crack. 
(i.e. the crack affects the stresses only within a distance 
'::5 0 from the crack.) 
4) 	 Since the crack has reduced the concrete surface stress to 
below the tensile strength of concrete within ,::So of the 
crack, the next crack must form outside of this region. The 
minimum distance between cracks is thus So' 
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5) 	 If two cracks form at a distance apart greater than 2So ' there 
will be an area between the cracks where the stress 1S not 
affected by either of the cracks and so another crack can 
form. Thus the maximum crack spacing is 2So . 
6) 	 If, however, the cracks had formed at a distance of less than 
2So apart, the stress would have been reduced to below the 
cracking stress for the whole distance between the cracks and 
therefore no further cracks will form. Thus, when all cracks 
have formed the final crack pattern will consist of cracks 
having a distribution of spacings within the range. 
So ~ S " 2S o 
The above argument is most simply illustrated by figure 2.4 below: 
1:;t r.(;)(:1; 
f~--r-----r-- ----! ~~-~ 
'-_~___ ~______, _" __" _1 ___ .____ .~ _____ !_____ .; 
, So 	 I 2n1 rjl.cl-: (.2.1 :,1--,' 2ny','mr'~i- ...... !I"	 I ' rI I! ~.....r l --~- .....ITsr==---- - - - ~ 
I 
I 
~-- ' 2 ~o - -~ i 




no lurtt"er cracks ..... ill f.:rm 
Figure 2.4: 	Conditions on the surface of an axially reinforced member 
during the development of cracking (after Beeby (1979)). 
The mean final crack spacing is commonly assumed to be 1,5 So ~ 
although several investigators have found reasons to expect a bias 
towards either the minimum or maximum spacing. Regardless of what 
exact value the mean spacing has, the whole theory is meaningless if 
we cannot predict the base value So satisfactorily. 
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The real problem facing the analyst therefore, is the development of a 
theory to satisfactorily predict So. 
2.3.2 Bond strength, or bond slip, theory 
All of the early formulae relate the minimum crack spacing to the 
strength of the bond between the reinforcement and the surrounding 
concrete. 
The following assumptions are made: 
(i) When the bond stress reaches the ultimate value 
't ul t' slipping occurs on the steel/concrete 
interface. 
(ii) 	 Plane sections remaln plafle, thus the stress in the 
concrete of an axially stressed member is uniform. 
(iii) 	 As a result of assumption (ii) above it is evident 
that if a surface crack of width w is to form this 
must be associated with an equal amount of bond 
slippage. 
(iv) 	 since bond failure is assumed to have occurred at 
each crack, the distribution of bond stress along 
the bar between cracks can be taken as a function of 
the ulimate bond strength. 
Using these assumptions it can then be said that the force, 

F ,transmitted from the steel into the concrete within a distance, 

So' from a crack is given by: 

F ••• (2.4) 
where n 	= number of bars 
~ = diameter of bars 
Substituting 
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where k is a constant dependent on the shape of plot of bond stress 
and distance 
... (2.5)we get: F = 
But is has also been assumed previously that at distance So the stress 
in the concrete will once again reach its ultimate tensile strength, 
f Therefore, in the concrete at this point,
t 
... (2.6) 
where A the area of the concrete. c 
Equating equations (2.5) and (2.6) 
= ••• (2.7) 
rearranging: 
= 















So = t 	 ... (2.10)kl ! f 
p ,
ult 
It has been found experimentally that is directly proportional to'wt 
f t for a particular bar type. Substituting into equation 
(2.3) gives 
w K 	~ E= 	 .•. (2.11)m P 
The constant K can be directly determined experimentally and therefore 
it is held that the assumptions concerning the relationships between 
the minimum, maximum, and average crack spacings, as well as the shape 
of the bond stress distribution, become irrelevant. 
2.3.3 Theories of Hognestad, Mattock & Kaar 
One of the early researchers into the crack control characteristics of 
high strength, deformed reinforcing bars was Hognestad (1962) who, in 
particular, researched crack widths in flexural me~bers. 
Hognestad started with the basic bond slip theory outlined in section 
2.4, but raised several points that are questionable about this 
theory. 
(i) 	 He questions whether the assumptions that the concrete 
stresses are uniform a distance So away from a crack is 
valid. His own experimental results confirm that in 
fact the assumption is not valid. 
(ii) 	 He points out that if equations 2.10 or 2.11 are 
applied to flexural members, additional assumptions 
must be introduced, most notably the concept of 
effective concrete area. This needs to be defined for 
the formula to have any value. 
(iii) 	 He points out that European test data had shown that 
the inverse proportionality to p was over emphasized, 
17 
and cites 	the then CEB formula of: 
f 
= (4.5 + 0.40) ~ kS 
Pef 
••. (2.12) 
(iv) 	 He found that crack width was strongly influenced by 
cover, less so by reinforcement ratio (especially with 
deformed bars) and was essentially independent of 
concrete compressive strength and beam depth. 
(v) 	 He found that crack width was not directly proportional 
to crack spacing. (The writer does not consider 
Hognestad's findings in this regard to be too 
significant - further discussion is made on this point 
in the summing up of evidence for and against various 
parameters) . 
Kaar & Mattock (1963), continuing the work of Hognestad (1961) 
investigated the effect of distribution of reinforcement in beams and 
found that for a given steel stress the crack widths tended to be 
greater in members having widely spaced bars than in those with more 
closely spaced reinforcing. More specifically they found that the 
crack widths and spacings at the level of the steel appeared to be 
related to the average area of concrete surrounding each bar in the 
member concerned. 
This area 	of concrete, A, is defined as follows: 
Ac,ef
A = ••• (2.13) 
n 
where: A = the area of concrete surrounding the bars and having thec,ef 

same centroid as the bars 

n = the number of bars. 
Kaar and Mattock's test results are plotted in figures 2.5(a) and (b) 
As a result of their tests showing a relationship between crack 
spacing and the area of concrete around each bar, Kaar and Mattock 
decided to review the other data at their disposal and produced the 
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Figure 2.5: 	 (a) Variation of crack width and (b) variation of crack 
spacing with area of concrete surrounding each 
reinforcing bar at a steel stress of 40 ksi (275 N/mm2) 
- After Kaar & Mattock (1963) 
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Figure 2.6: 	 Relationship of maximum width of flexural crack and the 
area of concrete at a steel stress of 40 ksi (275 
N/mm2) - After Kaar and Mattock (1963 ) 
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As may be seen in figure 2.6 Kaar and Mattock have superimposed a plot 
of the following equation for crack width in terms of the square root 
of the area of concrete around each reinforcing bar: 
w = 0.067 'A f * 10-6 max IA s (inches) ..• (2.14) 
Kaar & Mattock considered the completely different variables in the 
formula compared with the then CEB formula (eg. 2.12) and say the one 
may be "derived" from the other as described below: 
Taking the empirically corrected equation 2.12 and writing it in the 
form of equation 2.11 which was derived on the basis of bond slip 
theory one gets: 
f 
s w = max • •• (2 .12a ) 
k 
(where K now includes Young's modulus, Es 
They then show that, within a certain range, an alternative function 
in Pef could have been selected empirically by plotting two functions 
over the range of 0,02 < Pef < 0,20. They observe that such a 
function is 0.357JP and demonstrate the approximate equivalence byef 
plotting the two on the same set of axes (see figure 2.7) 
0 004 0 .08 0.12 0.16 020 










4.5Pe + 0.40 
Figure 2.7: Equivalence of functions in Kaar and Mattock Pef 
(1963) 
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substituting this alternative function into equation 2.12a, one gets: 
fsw = max 
•.. (2.15)0.357 ~ k 
Now taking 
this implies ~ == If t 
substituting into equation 2.13 one gets: 
w max = 	r A ] fs
l0.357 h k 

and substituting the value of 47 500 000 psi for K gives 
w max == 0.067 IX f * 10-6 	 (inches)s 
Which is the same as equation 2.14. 
Thus, although Kaar & Mattock found crack width to be related to a 
completely different variable to those of the bond stress theory, 
empirically at least, their results are not in contradiction to those 
that gave rise to the other equation. Kaar and Mattock imply that 
this adds weight to their selection of area of concrete around each 
bar as the most important parameter in the determination of crack 
sizes and spaces. Subsequent to deriving equation 2.14 however they 
found that they could achieve an even better fit to their data by 
. .. 4 r;:'
uSlng an equatlon In J A , l.e. 
w = 0.115 4jA' f * 10-6 	 ••• (2.16)max s 
2.3.4. Theories of Broms (1965) 
Broms (1964, 1965 (a), (b), (c)), and Broms and Lutz (1965) showed in 
a series of papers that cracks start at the reinforcing and extend 
outwards to the surface of the member. On the basis of calculated and 
measured stress distributions (the analyses are described in chapter 
•• 
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4), Broms (1965 (c)) advanced the hypothesis that the lengths of 
cracks initiated close to the reinforcement will be governed by the 
circles inscribed between two cracks. This hypothesis is described in 
figure 2.8. 
This hypothesis leads in turn to the prediction that the minimum crack 
spacing, So' is equal to distance from the point considered to the 
nearest bar; i.e. normally the cover to a bar. With the maximum crack 
spacing having a value of 2S o' according to the argument put forward 
in section 2.2.1, the average crack spacing may reasonably be expected 
to approximate l~ times this value. Broms's experimental 
observations, however, showed that the real average crack spacing in a 
stabilised pattern was equal to twice the cover, c,(i.e. exceeding the 
predicted value by 30%). Substituting the observed value of Sm into 
equation 2.3 Broms obtained the equation for predicting width: 
... (2.17) 
where the symbols have the meaning previously ascribed to them. 
SECONDARY 
TENSILE SECONDARY TENSILE TENSILE CRACK 





( bl (e) 
Figure 2.8: Mechanisms of tension cracking in singly reinforced 
member according to Brom's hypothesis. 
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Broms reiterates the original assumption that the crack patterrn has 
to have stabilised before equation 2.3 and thus 2.17 apply. He found 
that this only happened at average steel stresses above 20 000 to 
30 000 psi (140 to 210 MPa). 
Broms proposed that flexural members could be treated in the same way 
as tension members if the tension reinforcement plus its surrounding 
concrete were treated in isolation from the rest of the member. (Of 
course this would only predict cracks in the immediate vicinity of the 
reinforcement, whereas these could go right up to the neutral axis.) 
Besides contrasting to existing theories in that he found that the 
crack width depended primarily on cover (or distance to the 
reinforcement), further findings of Broms were that his results 
showed that the crack size was independent of (i) the percentage and 
size of reinforcement, and (ii) the tensile and compressive strength 
of the concrete. 
Broms and Lutz (1965) extended the scope of experimental results to 
include members with more than one reinforcing bar to establish the 
relationship between cracking and the parameters of reinforcement 
layout, bar surface area (i.e. more small bars rather then one large 
one) and further to check whether reinforcement ratio had any effect. 
Their findings were that the proportionality to cover remained ln the 
multi-bar systems with the proviso that the value for cover, c, be 
changed to an effective value, c e ' in equation 2.17 
w 2c E 
m e in ... (2.17a) 
Their investigation therefore confirmed the lack of effect of other 
parameters such as amount of steel, number of bars, etc., on cracking. 
A further observation was that the widths of the largest cracks were 
found to be considerably larger than those of the average cracks, at 
about twice the average crack size. 
An interesting point raised in discussion of the paper by Broms and 
Lutz is that cover is closely related to area of concrete (i. e. 
c = kfA) . Thus, there is little to choose between these twoe 
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pa~amete~s fo~ most situations whe~e the ~einfo~cement is evenly 
dist~ibuted. B~oms & Lutz, howeve~ believe that cove~ (o~ ~athe~ 
effective cove~) is a bette~ va~iable to use when the ba~s have 
va~ing dist~ibutions. 
2.3.5 "No Slip" Theo~y 
Beeby (1979) cites a diffe~ent, "theo~etical" justification of the 
choice of cove~ as a va~iable in c~acking equations which a~e de~ived 
f~om assumptions that a~e exactly opposite to those made fo~ the bond 
slip app~oach. 
This time it is assumed that no bond slip takes place and that plane 
sections do not ~emain plane. These assumptions we~e p~ompted by the 
advent of deformed ba~s and the wo~k of Goto (1971) who demonst~ated 
that fo~ deformed ba~s the bond failu~e takes the form of inte~nal 
c~acking (see figu~e 2.9) 




- - -- ' /' "­
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(due to wedge action 
deformat ion of teeth 
and 
of 
primary crack force components on bar comb -like concrete) 
Figu~e 2.9: 	Deformation of conc~ete a~ound ~einfo~cing steel afte~ 
formation of inte~nal c~acks ( schematic diag~am; afte~ 
Goto ( 1971)). 
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With this type of failure one clearly cannot use the bond strength as 
a parameter anymore and therefore in equations (2.10) and (2.11) one 
needs to find a replacement for the ~ factor. This has been done by p 
application of the intuitive 45° rule (see figure 2.10) which using 
the pre-Broms assumption of uniform distribution of stress,predicts 
that the minimum crack spacing, So' is equal to the cover, c, to the 
reinforcement. (This is despite Broms's work which showed that the 
45° rule does not apply in this case). 
Figure 2.10: No-slip mechanism of cracking: relationship between c and 
So - after Beeby (1979 ) . 
Now we can write the equation for the crack width as: 
w kc c: • •• (2 .17b)m m 
Which may be compared to Broms's equation 2.17. 
2.3.6 Theory of Base et al (1966) 
An alternative theory explaining the proportionality of crack width to 
cover is that postulated by Base et al (1966) who proposed that it 
exists because cracks taper from a certain width on the concrete 
surface to approximately zero width at the steel-concrete interface. 
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Postulating that "the crack width is essentially a function of the 
elastic strain of the concrete", Base et al have carried out a two 
dimensional elastic analysis of the zone between two cracks of a 
singly reinforced tension member (see figure 2.11). This analysis is 
very similar to that carried out by Broms which is discussed in more 
depth in chapter 4. 
p p 
Figure 2.11: 	 Mechanisms of cracking - 2D elastic model used by Base 
et al (1966). 
From 	 this analysis they conclude that: ­
(i) 	 An almost direct proportionality between crack 

spacing and cover is predicted. 





It should be borne in mind that this is a very crude analysis, 
assuming as it did that the concrete is linear elastic with, 
apparently no limit being put on the amount of tension it can carry. 
Subsequent work by Goto (1971) indicated that secondary cracking 
associated with any primary crack forms shortly after the formation of 
the primary crack. 
Base et al acknowledge that there will be "micro-cracking" near the 
steel concrete interface, particularly on either side of a primary 
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crack. 
They acknowledge too, that the sum of the widths of the micro cracks 
will approximately equal the sum of the widths of the primary cracks 
at the surface of the beam. Then, however, they escape giving further 
attention to this phenomenon by implying that it only occurs at steel 
stresses outside of the range used in current practice. 
In this regard it is worth noting Goto's estimate of steel stresses of 
about 100 N/mm2 for the commencement of this secondary cracking. This 
is well within the range of normal working stresses of steel 
reinforcing. 
Examination of figure 2.9 from Goto (1971) indicates that it might be 
reasonable to expect cover and crack width to remain approximately 
proportional to each other even after secondary cracking has 
commenced, provided the individual crack widths taper in an 
approximately linear way. 
In addition to predicting proportionality between cover and crack 
width based on their elastic analysis, Base et al found the same 
result experimentally and proposed the following empirical formula for 
members in flexure 
w = kc fs (d - dn )max •.• (2.18)E d - d 
s 1 n 
where c = distance from point of measurement to surface of 
nearest reinforcing bar. 
d = distance from compression face to point of measurement of 
the crack. 
dl = distance from the compression face of the section to the 
centroid of the main tension reinforcement. 
= the distance of the neutral axis from the compression 
face of the beam. 
fs = mean stress in the reinforcement. 
Es modulus of elasticity of the reinforcement. 
k = a constant of value 3.3 for deformed bars and 4.0 for 
round bars. 
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f(d-d)The expression ~ n simply defines the strain, ( , at 
E d - d 
s 1 n 
any depth in a beam in terms of the strain in the reinforcement, 
fs/Es. Hence we may write: 
w 
max 	 = k c e: ... (2.19) 
which has the same form as equation 2.17 except here the constant k 
will be increased as a result of the inclusion of a statistical factor 
which relates the average crack width to the maximum likely crack 
width (with some reasonably low statistical chance of being exceeded). 
The above formula was developed from the results of tests on beams and 
is therefore really only applicable to beams. Having reduced the 
formula to the form shown in equation 2.14 however, it seems 
reasonable that, now that the beam related terms have disappeared, the 
formula should be applicable to tension members. This is in line with 
the proposal of Broms that the reinforcing bar and its surrounding 
concrete can be treated as a tension member separately from the member 
to which i't is attached. 
2.3.7 	Empirical formulae developed by Beeby 
Beeby (1970) continued the empirical work of Base et al (1966) by 
investigating the effect of the remoteness of the nearest reinforcing 
bar on the widths of cracks. To this end he conducted tests on slabs 
subjected to flexural stresses. 
He came to the conclusion that in a flexural member there were two 
modes of cracking and that the crack pattern obtained was the result 
of an interaction between the two, in a further paper, Beeby (1971) 
defines these as follows: 
"(1) 	 At points on the surface of a member distant from a reinforcing 
bar, crack spacings and crack widths approach a value which is 
directly proportional to the height of the cracks immediately 
after first cracking." 
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"(2) At points on the surface of a member perpendicularly away from a 
longitudinal bar, crack spacings and crack widths will 
dominantly be proportional to the cover, c." 
The first mode above is easily explained if one considers the 
behaviour of a completely unreinforced member loaded in flexure and 
axial compression. If the compressive forces are still within the 
elastic range one would expect cracking and stress distributions as 
shown in figure 2.12 
stress dist 
initial height of crack, ho 
and stress distribution 
Figure 2.12: Cracking and stress distribution in an unreinforced 
member subject to flexure. 
If there were no applied compressive forces at the ends of the member 
in figure 2.12, one would expect the member to rupture right through; 
but by applying the compressive force we immediately have a controlled 
crack situation. In the normal reinforced concrete situation, in pure 
flexure situations, the reinforcing may be thought of as providing the 
missing compressive force needed to provide the stable crack pattern. 
Since there is likely to be little residual stress in the teeth 
(figure 2.12) between cracks, the widths of the cracks at any point 
should be proportional to the distance from the crack tip. 
The second mode of cracking is exactly that which was identified by 
Broms for cracks in close proximity to reinforcing bars. Beeby 
however has now tried to include some empirical modification functions 
to allow for internal failure which occurs close to the bar. 
Beeby explains the manner of interaction of the two modes with the 
-------
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idealized diagram in figure 2.13(a) and the way the smaller cracks 
tend to run into the larger (flexural) cracks in figure 2.13 (b) 
I 
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Figure 2.13: 	 Idealized depiction of interaction of two modes of 
cracking in flexural members - after Beeby (1971) 
Although his equations were developed for flexural members, Beeby 
(1972) investigated their applicability to members subjected to pure 
tension. He found that these could be treated as limiting cases of 
flexural members where the initial crack height, ho' is equal to 
infinity. Including some further empirical modifications of a minor 
nature, the final form of Beeby's equations is as given below (taken 
from Beeby (1971)) 
(wle)l' =k1h1m 0 	 • •• (2.20) 
l c -4c/h- - e 0 c j) 	 .•. (2.21)2 ~
a (wle)U (wl e )cr m 	 0 ..• (2.22)
(w Ie) = c(w lel , 	 + (c - a ) (w Ie)
l1m cr 0 
• .• (2.23)= I 0,05 	 -0.0135a 





w cr:lck width diameter of reiniorcin[; bar 
surf:lcc s train at point considered maximum and minimum avera[;e covers 
in the equivalent prism of concrete 
U:lck width divided by strain where surroundin[; the bar as defined in 
:lcr = c reference (3) 
(w/r;)lim = cr:lck width divided by strain where aver:l[;e crack spacin{; 
:lcr = co 
e b:lse of the n:ltural log:l.rithm 
h initi:ll height of cracks 
o 
coefficients I the values of whlch 
minimum cover depend on tile required probability of 
the resulting calculated width bei ng 
a distance from point considered to the exceeded. Values are given in Table 1. cr 
surface of the nearest longitudinal bar 
As may be seen, these equations are already fairly cumbersome 
formulae. For example, Beeby gives the following formulae for 
calculating the initial crack height of T-beams with one layer of 
reinforcement. 
(The assumptions and notation are as shown in figure 2.14) 
2 2
2 a. p + r3 r3 + (1 - r3 ) (3x e r c r s
r3 
n d 2 (a. p + (3 r3 + (1 - r3 ) ~ ) (2.24)
e r c r s 
2 
(3r r3 " (3 - (3 ) - r3 (3 - 2 r3 - (3 ) ( r3 - (3 )2 - (3 - (3 + (3 ) (r3 - (3 )2 (1 - r3) (2 25)M n n r c n c n n s n s . 
6 r3 
n 
where modular ratio 
ratio of neutral axis depth to effective p AS / bd (reiniorcement ratio)
depth (x / d) 
b flange breadth 
ratio of rib width to flange width 
d effective depth
ratio of flange depth to effective depth 
tensile strength of concrete 
ratio of distance to root of crack from 
compression face to effective depth moment 
I 
".~ ... -- ­
f 
~L 
Figure 2.14: Assumptions and notation for calculations crack height ­
after Beeby (1971). 
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As shown in figure 2.15 there are two roots to the equation. The 
initial cracking moment may be calculated by substituting a value of 
zero for crack height. Then the height to which the crack would jump 
may be found by iteration. 
M e 
MOMENT 
Me _ crackln, moment 
no _ tnlt lll crack ht llht 
Figure 2.15: 	 Relationship between crack height and moment - after 
Beeby (1971) 
Beeby (1979) uses the concepts of the bond-slip approach (section 
2.3.2) and the no-slip approach (section 2.3.5) to derive equation 
2.26. 
Acknowledging that, with deformed bars "bond" failure takes the form 
of internal cracking of the type identified by Goto, Beeby states that 
the minimum crack spacing is determined by cover and then modified 
towards the average (and then maximum crack spacings) by the addition 
of a term showing the average influence of internal failure. This 
justifies the inclusion of both theories into one formula. Therefore: 
S = m • •. (2.26 ) 
w 
m • .. (2. 26a) 
Next, he extends his theory to include flexural members by considering 
the initial crack pattern that would occur in an unreinforced flexural 
member (as has been previously described). Applying the 45° rule and 
the general principle of section 2.3.1 he argues that: 
••. (2.27) 
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and therefore S = k3h • •• (2. 28 )m cr 
w = .•• (2.28a)m 
= crack height 
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Figure 2.16: Cracking in an unreinforced member - after Beeby (1979 ). 
Assuming that, since the derivation of the first term in eq. 2.26 was 
the same as that of eq. 2.28, Beeby assumes that Kl K3 • Now, 
considering the limiting case where hcr = c, because the cracks do not 
penetrate past the reinforcement the bond characteristics become 
irrelevant. Therefore, for their situation equations 2.22 and 2.28 




Using some logic which, in the writerfs opinion, is rather dubi ous, 
Beeby now extends equation 2.26 to include flexural cases by including a 
factor which is a function of (c/hcr ): 
s • •. (2.30 ) 
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distance from surface nearest bar to the point 
w crack at the 
","'0 crack width over a bar by eg. 2.26a 
crack width controlled by crack (eg. 2.28a)wUm 
c cover 
Beeby notes several areas where this cannot be 
and where he believes further development is required. 
( i ) 	 For pure in walls and slabs, Beeby out 
wUm becomes that 2.31 
reduces to: 
w = 	
• •. (2.32) 
(ii) The does not cover in 
tuations where the ied) tension 
not to the bars. 
(i ii ) Transverse bars can influence to the extent 
that their can other 
factors. 
(iv) 	 In some the of the 
surface 2.2 may lead to error. 
(v) 	 of bars need r own 
cients. 
(vi) 	 Prestressed and concrete are not 
included the 
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(vii) Finally, Beeby acknowledges that others, notably 












2.3.8 Observations of Leonhardt (1977) 
Leonhardt (1977), sums up the theory which appears to be that which 
has been adopted by the CEB-FIP for their anti-cracking clauses. The 
theory is based largely on the assumptions of the minimum length of 
bond required to transfer sufficient stress to cause cracking. 
He has taken note of Goto's (1971) observations regarding internal 
cracks and postulates that these result in length of lost bond, ~o' 
which he estimates (for ribbed bars) to be: 
.•• (2.33) 
~o 
where 6 ,r = stress in steel at cracking of concrete in N/mm2 s 
= diameter of bars 
He proposes an equation that is basically of the bond slip type but is 
empirically modified to take account of other effects such as cover, 
bar spacing and the stress distribution in the particular member. 
Leonhardt concentrates his thinking on the various factors that 
influence the jump in stress in the reinforcement at a crack, and in 
turn, what influence the size of this jump in stress must have on the 
function governing factors such as the length of lost bond, bond 
transfer length, initial crack width, etc. Discussing the latter he 
comments: 
"The testing procedures, like the different pull out tests, 
which we (have) use (d) so far for measuring this function, 
have no similitude to the proceedings which actually happen 
at cracking in structures and can, therefore, not give a 
correct basis for crack width theories. New methods of 
testing, imitating this sudden jump in steel stress must be 
developed for getting the correct physical data." 
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2.4 CODES OF PRACTICE 
2.4.1 British Codes 
The following codes of practice all have the same treatment of 
cracking due to imposed loads on reinforced concrete, with minor 
variations which will be discussed: CP 110: 1972 (1977), BS 8110:1985, 
BS 5337:1976 (1982). 
The derivation of the formulae used in these codes is given by Beeby 
(1979). Starting with the equations previously developed by himself 
Beeby states that these needed simplification before inclusion in the 
code of practice. Assuming proportionality between crack height and 
(h-x), and including a coefficient which gave a 20% chance that the 
maximum crack might be exceeded, equation 2.28a simplifies to 
wlim = 1.5(h-x) E: •.• (2.34)m 
Equation 2.26a was more drastically simplified on the basis that the 
critical crack width does not commonly occur near a bar and that 
therefore this portion of the prediction formula can be crude. 
According to Beeby, the influence of cover is far greater than that of 
¢/p, hence the term in the latter variable is neglected, giving: 
w = 3cE: ..• (2.35)o m 
Substituting into equation 2.31 and rearranging we get: 
Design crack width = ••• (2.36)
(acr - c) 
1 + 2 
(h - x) 
which IS the equation given in the codes, except that Bs5337 uses a 
slightly different set of coefficients to allow for a lower (5%) 
chance of the design crack width being exceeded. 
In all cases the codes recommend that the average strain be calculated 
with allowance for the residual "tension stiffening" which is provided 
by the cracked concrete around the bars. This concept is discussed in 
more depth later on. 
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2.4.2 European Code (CEB-FIP Model Code (1978)) 
The CEB-FIP have included a formula into their code which is still 
closely based on the "bond-slip" theory, with extensive empirical 
modifications to allow for the observed influences of other 
parameters. In the 1978 model code the formula is: ­
Wmax •.. (2.37) 

where k 1 and k2 are constants to allow for type of bar and 
distribution of stress, and the rest of the symbols are as already 
defined. 
This formula has been retained unchanged in the FIP (1982) draft 
recommendations on practical design. 
2.4.3 American Code 
The American Code ACI-318 (1983) mentions reinforcement for prevention 
of shrinkage and temperature cracking but does not seem to deal 
directly with calculation of crack sizes due to imposed loads. 
2.5 Su~ary of empirically derived theories of cracking. 
The writer, in summing up impressions gained from this survey of 
formulae for the prediction of crack widths, feels that the most 
important point to be made is that all of the formulae should be 
treated with caution. They have been based on experimental data and as 
such, have an origin 1n fact. Theories have been advanced in an 
attempt to explain some of the observed relationships but none of 
these has been proved rigorously without the inclusion of many 
severely limiting assumptions. 
The writer believes care should be taken that too much weight is not 
placed on these theories. This review has shown how a great many 
different relationships can be derived that predict cracking with 
reasonable accuracy and consistency. Many of these use completely 
different parameters and have quite different forms from each other. 
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Some investigatoLs have tried to show that ceLtain paLameteLs aLe 
equivalent to each otheL, fOL example Kaar & Mattock's "deLivation" of 
theiL equation, using aLea as the majoL paLameteL, from the mOLe 
tLaditional type of equation based on bond stLess. 
The writeL would like to stLess that the equivalence of these two 
relationships was never absolute but LatheL based on the approximate 
equivalence of two completely different functions oveL a fairly small 
Lange. 
Another way of looking at the problem is to consideL whetheL or not 
Lelationships aLe "objective" as opposed to "subjective". In otheL 
wOLds, do they give corLect answers regaLdless of the conditions they 
are applied in. This has not been shown to be the case fOL any of the 
cracking formulae developed to date. Leonhardt (1977) has dLawn 
attention to this fact, and has suggested that new methods need to be 
developed fOL obtaining corLect physical data in or-deL to have a 
correct basis for crack width theories. 
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CHAPTER 3 
PREDICTION OF CRACKING DUE TO EARLY AGE EFFECTS 
3.1 GENERAL 
In conside~ing c~acking due to ea~ly age effects, we will conside~ 
c~acking due to inte~nally applied st~esses and st~ains in the 
conc~ete. As was desc~ibed in Chapte~ 1, when conc~ete sh~inks this 
only ~esults in st~esses if the sh~inkage is ~est~ained in some way. 
Two majo~ g~oups we~e identified: those ~est~ained inte~nally and 
those ~est~ained exte~nally. The de~ivation of the c~acking formulae 
fo~ exte~nally loaded membe~s has been discussed in the p~evious 
chapte~. In the following section, some of the diffe~ences between 
these and the two g~oups of inte~nally loaded membe~s will be 
discussed. 
The~e a~e th~ee main causes of deformation in conc~ete which a~e mo~e 
o~ less specific to the ea~ly po~tion of its life. These a~e: 
( i ) Ea~ly the~mal expansion and cont~action 
(ii) Drying sh~inkage 
(iii) C~eep 
3.1.1 Ea~ly Thermal Effects 
Conc~ete gains st~ength by the hyd~ation of cement with wate~. This 
p~ocess is an exothe~mic one involving the ~elease of a conside~able 
amount of ene~gy, known as the heat of hyd~ation. As this heat is not 
usually dissipated fast enough to the su~~ounds, especially in la~ge 
structu~es, the tempe~atu~e in the ha~dening conc~ete ~ises, and 
co~responding the~mal expansions occur in all of its components. As 
the heat does eventually dissipate, the various components cont~act 
again to thei~ o~iginal size. Since, at the beginning of this cycle 
the conc~ete was fully plastic, whilst at the end it is an elastic, 
b~ittle material, any rest~aints imposed du~ing the heating and 
cooling cycle will have a lasting effect caused essentially by the 
non-recove~ability of the initial plastic deformation that occurs as 
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the concrete heats up. 
Thus there are three factors which can be readily identified as being 
crucial to the ability to quantify the rise of cracking due to early 
thermal shrinkage. 
(i) The amount of the thermal deformation which is plastic, 
(ii) The temperature rise (and subsequent fall) 
and (iii) The amount of restraint present. 
Point (i) is usually easily dismissed by making the greatly 
simplifying (and conservative) assumption that the concrete becomes 
instantaneously elastic at its peak temperature and that at this 
temperature it is therefore unstressed. Thus all of the cooling cycle 
has the potential to give rise to tensile stress depending on the 
degree of restraint and the amount of subsequent creep which takes 
place. 
The amount of the temperature rise is not an easy quantity to predict. 
There has, however, been considerable experimentation done on this 
subject and some of these results, as well as ideas of the writer, 
are discussed in section 3.5. 
This leaves us to consider the various forms of restraint and their 
effects. These were briefly identified ln Chapter I but are 
considered now in a slightly more quantified way. 
3.l.2. Drying shrinkage 
Besides early thermal expansion and contraction due to heat of 
hydration, concrete is usually subjected to volume changes due to 
drying shrinkage in the early stages of its life. This gives rise to 
restrained strains in the concrete that are very similar to those of 
the thermal shrinkage and unless specifically stated otherwise, the 
logic applied to analysing for thermal shrinkage applies to drying 
shrinkage too. 
The only differences are as follows: 
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(i) 	 Drying shrinkage can occur over a longer period of 
time than thermal shrinkage. 
(ii) 	 When the restraint is internal (i.e. due to 
reinforcement etc.) the relative amounts of straining 
in the various components will be different to those of 
thermal shrinkage. 
Quantification of the amount of drying shrinkage likely to occur in 
concrete has been the subject of a considerable body of research. 
This and the theories explaining the mechanisms and occurence of 
drying shrinkage are beyond the scope of this thesis and are not 
therefore dealt with here. It should be noted however that as drying 
(except surface drying) will normally take much longer than cooling 
due to heat of hydration, strains due to the latter will dominate in 
the determination of crack patterns at early ages. 
This is confirmed by Hughes & Miller (1970) who say that "shrinkage 
movement in walls exposed to climatic conditions is small compared 
with the thermal movement." They found in their tests that shrinkage 
was less than 40 microstrain after one year. 
3.1.3 Creep 
Creep is the time dependent deformation of concrete subjected to 
stress. It is not therefore usually the source of any internal 
loading but rather, tends to alleviate stresses due to such loading 
(or any other loading). As with drying shrinkage, its quantification, 
and the mechanisms by which it occurs, are the subject of a large body 
of research work which lies outside of the scope of this thesis. In 
this thesis, its existence is noted, as is the fact that creep is 
proportional to the amount of applied stress, and the fact that creep 
occurs much more easily in younger concrete than in old. These facts 
are considered when developing formulae for the prediction of 
cracking. 
It is also worth noting Hunt's (1971) statement that, "It is now 
widely accepted that, although creep at low levels of applied load is 
mainly due to a combination of viscous flow and seepage of the cement 
paste, at higher levels of load most of the time-dependent deformation 
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in concrete may be attributed to microcracking and it may be 
postulated that creep under load is at least partly destructive in 
nature. " 
3.2 FORMS OF RESTRAINT 
3.2.1 External restraint 
This type of restraint gives rise to stress distributions in 
reinforced concrete that are very similar to those of externally 
strained systems. Considering figure 3.1 (al, which shows a member 
fully restrained at each end, we can examine the stresses due to early 
thermal and drying shrinkage. 
During the heating cycle, as has been said, the concrete is largely 
plastic and therefore deformation takes place freely. Since the 
reinforcement will be at the same temperature as the surrounding 
concrete it will expand too. Rather than go into compression because 
of the external restraint, in any but the shortest of members, the 
steel will probably buckle slightly to accommodate the increase in 
length. Thus at the maximumm temperature it can be assumed that there 
is, for all practical purposes, no stress in either steel or concrete. 
On cooling, both steel and concrete will contract. As it will now be 
encased in hardened concrete, the steel will not simply be able to 
straighten out again, thus it will go into tension as will the 
concrete which has now hardened. 
This analysis is the writer's and is in contrast to that typically 
found in the literature where the steel is assumed to be unstressed 
until the first crack occurs (e.g. Hughes (1980) p.287). Before the 
first crack occurs, as neither the steel nor the concrete will 
physically change length there will be no transfer of stress between 
them regardless of how much restrained strain exists in each. The 
potential strain in each will be proportional to its coefficient of 
thermal expansion and because these are fairly similar for steel and 
concrete the resulting distribution of stress is almost identical to 
that which is obtained by applying an external load to a completely 
unstrained system. 
- - - - -- ----- --
.. u ...·.t \~.. L LJ,,~t \~~~--t 
1 
A6 c.o.~t-E------ - - -- =-J&------------ I r ~ 
c...k A~.sh.n~ 
o..f+u- ,""'O~\c. 0.:3 c 
~ c.o..sy o.nd j~ E--------=1 
_ un+il\ c.ro.c:.k. c..~\- t\.'11- A l L 
'Cc.4r e..c.. 1 




...-c-"'-'l:\o,", ,~ cYe.c.I, ~~, 
 ,




r<N\"o,,", ~'" CAY\e....~~ J r--------t@ j 01 1FJ~·~ ~ c_~ ,fe'j du.~ ~ ~~0.1 I.e 
o --d.~~",~ ",' ''ri'''~_~-- c.o-p......... ,~ ••-, , f.. 

b) f!>4l.fc~ 1.6t cmc.k. 




C~ ~\\c.,,~ M c.ro.a bot\... CD~~ 
•, 
~-~ 
\ ­ ~ *1 tlLtr\~·\I. sh'esn:s 1 ~"YeLl ho.vc. z..c.n::, ..~~ 
I{) '" C~ c.t<.~ " 
- - - - - - 1 -,j<- "~I.9 ,. ,. * i I- - --- -~----ij ct~J~~~::~~1 -- . --.-~O ~ i:~~~,",I "! I - . -- - ;-

Ar c.(t).c.\c. c.af'\uc.~~ 

~h-c.ss = z..Lro , $t-cc.\ L- - -=*­c) Af~r- 1~r Cl1::1.Ck 
st-~u ''''c.r~" Co S . c.) After l~t c.\'"O.C..\.<.. 
Figure 3.1: Cracking in a reinforced concrete Figure 3.2: Cracking in a reinforced concrete 
member due to differential external restraint. member due to differential internal restraint. .to. rv 
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Thus for this type of restraint the approach used for developing 
theories to explain and predict cracking has been exactly the same as 
that which was first noted for externally loaded tension members, 
using the bond slip theory, and the assumption of a stabilised crack 
pattern. 
As a result, the equation for maximum crack spacing due to early age 
effects which is given In the code of practice for liquid retaining 
structures BS 5337, has exactly the same form as that derived from 
those principles and given in equation 2.10, i.e. 
Smax 	 = 
••• (3.1) 
where 	 fct = tensile strength of the concrete. 
~m = average bond strength between concrete and steel. 
As was the case for externally loaded mature concrete where Beeby 
(1979) reported that it has been found that the tensile strength of 
the concrete and the ultimate bond strength are proportional to each 
other for a particular bar type, BS 5337 gives values for this ratio 
for different types of bar. 
Hughes (1980) states that it is here that the essential difference may 
be found between early age and mature age cracking. At early ages, he 
says, extensive bond creep can be assumed and the ratio of bond 
strength to tensile strength for the immature concrete is much lower 
than that for mature concrete. 
The maximum width of crack is again given as 
= ••• (3.2) 

Where determination of the strain, £ , will be discussed In more detail 
in section 3.4. 
Equation 3.1 is reported by Hughes & Miller (1970) as having been 
developed by Evans and Hughes (1968). Further work by Hughes and 
Miller (1970) confirmed the earlier findings on the basis of in situ 
44 
measurements made on several full scale walls being constructed at the 
time. In addition Hughes and Miller reported some findings that 
confirm that cracking due to early age effects requires slightly 
different treatment to that due to external loads. 
(i) 	 They found that the "no-slip" theory does not apply to 
members in direct tension. 
(ii) 	 Bond slip did occur near cracks caused by shrinkage and 
thermal contraction. 
(iii) 	 Further to (i) and (ii) above, they found that the 
crack width varied only slightly with distance from the 
nearest bar. 
The writer however has identified several problems with the 
measurements upon which the authors based their formula. These are 
discussed 	briefly in section 3.7. 
3.2.2 Internal Restraint 
This type of restraint includes any situation where there is a 
difference between the internal strains that would occur in any 
components of reinforced concrete element if those components were 
able to move freely. It is the restraint of these "free" strains of 
various components by each other that gives rise to stresses in the 
member and the corresponding restrained strains. There are two 
subgroups into which those types of restraint may be categorised. 
(i) Restraint due to varying material properties 
Amongst the causes of such stresses and restrained strains are, as 
before, thermal and drying shrinkages and, usually in a stress 
relieving manner, creep. The difference, as stated above, is that 
now it is only the differential amounts of these strains, that 
have any effect. In the case of differential straining between 
steel and concrete, this is explained by consideration of figure 
3.2. 
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Here , e: = the free shrinkage strain in the concrete, for an 
cs 
unreinforced section. 
= the tensile strain induced in the concrete as aCct 
result of restraint provided by the 
reinforcement. 
and = the corresponding compressive strain in theEsc 
reinforcement. 
The manner In which internally restrained members crack and 
transfer stress on cracking is shown in figures 3.2 (b) and (c). 
These may be compared with figures 3.1 (b) and (c) which show how 
the externally restrained member behaves on cracking. The main 
difference lies in the stress in the steel. It may be seen that 
very much higher stresses are to be expected when the restraint is 
external. 
(ii) Restraint due to thermal and moisture gradients 
In addition to the above, as was pointed out in Chapter I, there 
are internal restraints due to differential drying and thermal 
shrinkages between different parts of the concrete itself. 
Many researchers have devoted a great deal of effort to attempting 
to devise methods for predicting cracking due to this type of 
strain. A few rules of thumb have been produced. Typically a 
limit of about 20°C is set as the limiting differential 
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Figure 3.3 	 Cracking due to thermal gradients in concrete - after 
FitzGibbon (1976) 
The real differences then, between predicting cracking in reinforced 
concrete due to early age effects and normal external loads, may be 
summed up as follows: 
( i) In attempting to analyse for the steel concrete 
interactions, allowance must be made for the fact that 
the elastic, and inelastic, properties of fresh 
concrete are vastly different from those of mature 
concrete. In addition these are changing rapidly at 
these early ages. 
(ii) One needs to quantify the thermal and drying shrinkage 
strains that will take place at early ages. 
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( iii) One needs to quantify the degree of restraint of the 
various types previously identified, that will be 
present in any particular member or, part of a member. 
It should be borne in mind that the resulting 
restraints will inevitably be a combination of all of 
the various types mentioned. 
Item (ii) above is reasonably easy to estimate with sufficient 
accuracy, but the other two make "exact" modelling of early age 
cracking an incredibly formidable task. Some data on shrinkage and 
thermal strains are presented in section 3.4 followed by some 
discussion of the problems of carrying out accurate thermal modelling 
of hydrating concrete. 
3.3 MINIMUM STEEL 
A point always made in the derivation of formulae to predict cracking 
due to early-age effects is that, contrary to the situation with 
members subjected to conventional loads due to gravity, etc., members 
where early-age cracking assumes importance usually only have nominal 
reinforcement. There is, however a certain minimum requirement for 
steel in order to satisfy the requirements of the theory. This 
minimum requirement is derived as follows. 
The assumption is made that prior to the first crack forming, the 
concrete is in tension due to thermal and drying shrinkage, whilst the 
steel is unstressed. (This implies that the stresses are induced by 
total external restraint of the shrinkage forces, otherwise the steel 
would be in compression, as shown in figure 3.2. The assumption of 
zero stress in the steel may be compared with the writer's analysis ­
section 3.2.1. and figure 3.1). Uniform stress distribution is 
assumed in the concrete, thus the total tensile force, F, is given by: 
where Ac Area of concrete 
fct = tensile stress in concrete. 
At a crack this force is assumed to be entirely transferred to the 
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steel. In addition, it is assumed that the formation of the crack 
alleviates the stress in the remainder of the concrete and, since the 
steel is assumed to start with zero stress, this causes the rest of 
the steel to go into compression. Thus the stress in the steel is 
given by, 
••• (3.4) 
where, == Area of steelAs 







 compressive stress in steel (away from crack) 
substituting, p , and rearranging, 
when the concrete and steel reach their maximum values simultaneously 
the critical ratio, p , I is reached. 
cnt 
... (3.5) 
where fU :::: tensile strength of concretect 

fyt tensile strength of steel (yield) 

Neglecting the compressive force induced in the steel away from the 
crack, 
••• (3.6) 
which is the formula given in the code of practice for water retaining 
structures BS 5337. 
At steel ratios less than the critical ratio, when cracks form, the 
steel will yield until the stresses in the remainder of the member 
are reduced sufficiently to restore equilibrium. Thus wide cracks 
will occur. 
The writer suggests thatthis formula will seriously underestimate the 
tensile force on the steel in the case of a fully restrained section 
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because of the assumption that there is no tension in the steel prior 
to the first cracking. It is possible that the reason we have not had 
more cases of serious cracking occuring is that it is seldom that we 
get full external restraint of the nature assumed in the development 
of the formula. The new code for structural use of concrete, BS 8110 
(1985), recognises this latter point and gives a table of restraint 
factors for various situations. The writer warns, however, that use 
of these factors ln conjunction with an equation like equation 3.6 
above, is liable to lead to a greater frequency of wide cracks 
forming. 
3.4 QUANTIFICATION OF SHRINKAGE STRAINS 
3.4.1 Drying shrinkage 
CP 110 (1972) gives the figures of 100 microstrain (at 90% relative 
humidity) and 300 microstrain (at 70% relative humidity). These 
figures agree fairly well with those of the CEB-FIP model code (1978) 
which gives values of the "basic shrinkage coefficient" ranging 
between 100 and 380 microstrain for the same range of humidities. 
(for samples in water the CEB/FIP code indicates that this coefficient 
drops to about 80 microstrain, whilst for samples ln a very dry 
atmosphere, (40% relative humidity) it can go as high as 620 
microstrain) . 
These figures are all total shrinkages, i.e. from casting till time 
infinity. Typically, for the first year, about half of the shrinkage 
might be expected to occur, thus the figure found by Hughes and Miller 
(1970) of 40 microstrain in one year is within the correct range for a 
well cured concrete. 
3.4.2 Early thermal movement 
Experimental data reported by RILEM (1981) indicate that the 
coefficient of expansion of fresh concrete has values of the order of: 
20 microstrain/oC freshly mixed 
15 microstrain/oC 8 to 24 hours old 
12 microstrain/oC 1 to 6 days age. 
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For mature concrete they report that the coefficient of thermal 
expansion is dependent upon the volumetric weighted average of those 
of its ingredients. The thermal coefficient of expansion of 
aggregates is less than those for cement pastes and therefore the 
overall coefficient increases with the richness of the mix. Fulton 
(1977) confirms this but says the effect of richness of the mix is 
small. 
Fulton (1977) gives the following table of typical values of 
coefficient of thermal expansion for various South African aggregates: 
Table 3.1 	 Effect of aggregate type on coefficient of thermal 




sion of concrete 
x lO- ftl"C 
Reference 
Granites and rhyolites 6,8-9,5 7, 10 
Sandstones 11,7 7 
Quartzites 12,8 7 
Limestones 6,1-9,9 7,9, 10 
Marble 4,1 9 
Dolerite 9,5 7 
Quartz 10,4 9 
Blastfumace slag 10,6 7 
Witwatersrand quartzite 12,2 17 
Granite from North of Johannesburg 
(Jukskei) 9,4 17 
Dolomite from Olifantsfontein IMalmesbury homstone from Cape 8,6 17 
Peninsula 10,9 17 
Limestone (50/50 by mass Lichtenburg/ 
Uleo) 9,7 17 
Namaqualand onyx 10,3 17 
Dolerite from the Orange Fish Tunnel 7,5 17 
Felsite from Witbank 9,2 17 
Compared with these values we have the coefficient of thermal 
expansion of steel of about 10 microstrain jDc (Reynolds (1974)). 
Thus it is apparent that the amount of differential thermal shrinkage 
(between different materials) is very small compared to the total 
thermal shrinkage. This bears out how vital it is to know the degree 
of restraint applied to any member as it is this that determines the 
resulting stress in the concrete. 
For a typical temperature rise due to heat of hydration of 30 DC 
-- -- -----
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(recommended by BS 5337), a typical (high) coefficient of thermal 
expansion of 11 microstrain/oC, and a fully externally restrained 
section, we would get thermal shrinkage of 330 microstrain. 
This may be compared with almost no effect if there is no external 
restraint because of the similarity of coefficients of thermal 
expansion of concrete and steel. In both cases the differential 
stresses due to thermal gradients must be superimposed onto the other 
strains. 
3.5 QUANTIFICATION OF TEMPERATURE RISES DUE TO HEAT OF HYDRATION 
Estimation of temperature rises becomes a very difficult problem in 
that temperature rise is dependent on very many variables which are , 
impossible to predict accurately at the design stage. Some of these 
are: 
(i) 	 The temperature at which the hydration reaction occurs. 
Here the initial temperature is required in addition to 
any subsequent rise as the rate of the reaction is 
dependent on the current temperature. In addition, if 
one is to do a proper heat flow analysis, the 
temperature must be known at all times throughout the 
sample being modelled. 
(ii) The constituents of the cement being used. These 
affect the heat evolution characteristics of the 
cement. 
(iii) 	 The amount of cement in the concrete. 
(iv) 	 The thermal properties of the concrete itself, 
including thermal conductivity and thermal capacity (or 
specific heat), as well as those of any shuttering or 
other insulating material present. 
(v) 	 The degree of completion of the reaction. Usually the 
time since commencement is used to indicate this but to 
be strictly accurate an indiccation of the actual 
is needed. 
, the rate of reaction is also influenced by the 
amount of self of the material 
from the water in the 
A vast amount of research has done on the chemistry of cements, 
the nature of , the manner of their 
and the influence on other. Much known 
too about the amount of heat the various components 
cements but the writer found that this ion 
or seemed to be given pretty much to other 
In the case cement 
in relation only to and 	 , in one of two ways. 
(i) Total heat off is measured in an 
this method no is made to 
monitor the rate of heat as the various other 
parameters above change. 
(ii) 	 The rate of heat given off is monitored under constant 
using a 
-~----
3.5.1 maximum 	 rise------- -~-------
The method does give that useful for sett an 
of start to the amount of 
attained in any of 
to take under 
concrete where I 
situation. 
Thus the of the concrete will to rise for as 
as there rlV"r··,ion of the cement taking 
Since the amount of chemical stored in the cement is 
finite, so too must be the temperature rise - even in a 
closed the heat of concrete is to 
°c and the total heat of cement is 
370 kJ/kg , we can the approximate 
concrete I 
that might be 
were 





upper limit of possible temperature rise. (We will use units of °C/IOO 
3kg of cementitious material / m ). 
If density of concrete 2 400 kg/m 3, then to raise its temperature 
1°C takes 2 400 kJ. 
since 100 kg cement will evolve 37 000 kJ of heat, the temperature 
rise = 37 000/24 000 = 15,4°C/IOO kg cement/m 3• 
This result may be compared to the value of 12°C/IOO kg cement/m 3 
which is given as the maximum possible temperature rise by FitzGibbon 
(1976). FitzGibbon's value is derived from site experience with the 
concreting of sections with least dimension greater than 2m. The fact 
that his value is - less than the theoretical maximum is almost 
certainly explained by the fact that real concrete pours, even very 
large ones, do not ever achieve conditions that are perfectly 
adiabatic. In addition, the last part of the hydration reaction takes 
place over a very long period, even at very high temperatures. Thus 
there is plenty of time for heat loss to occur during this time, 
effectively limiting the maximum temperature rise to a value slightly 
less than the theoretical maximum. 
An empirical formula for calculating temperature rise is that of 
Davey, reported by Fulton (1977), who cites it as perhaps the best 
known of similar formulae. 
0,0034 Q.R.C. . .. (3.7) 
where Q = cement content in the mix (kg/m 3 ) 
R rate of lift (m/day) 
C heat of hydration of the cement at seven days (cal/g) 
Examination of the validity of the parameters included above indicate 
sQme glaringly missing ones. One such is the least dimension of the 
pour. However since the formula is intended for mass concrete one 
assumes that the factor, R, is effectively the least dimension. 
Another empirical approach is that given by FitzGibbon (1976) who has 
presented the graph shown in figure 3.4. This ties in with 
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FitzGibbon's empirically determined maximum rise as well as the 














DC rise /100 kg OPC 1m3 
Figure 	3.4 Guide to temperature rise factor for variations in 

cement content and least dimension - after FitzGibbon 

(1976) • 
The writer prefers this graphical presentation as it is much less 
likely to be incorrectly used than, for instance, Davey's formula. In 
either case if there is any doubt as to the effect of missing 
parameters, e.g. starting or ambient temperatures, the writer suggests 
that it is probably safe to adjust the empirical values slightly 
towards the value of the maximum possible rise. 
3.5.2. Modelling of temperature distributions 
Simply knowing the maximum temperature rise is often not sufficient 
however. In most real cases we are interested in refining this, and 
calculating, not only how much lower than the upper bound will be our 
peak rise in temperature, but also, what the resulting gradients of 
temperature and temperature induced stresses will be. 
For this purpose we need to know the rate of evolution of heat. We 
also need to know how this varies with temperature at various stages 
of completion of the hydration reaction for the particular cement that 
we are using. Several researchers have published "typical" curves 
showing the variation of the rate of evolution of heat with time under 
isothermal conditions for both complete cements as well as the effects 
of its various components. For example, the figures given in figure 
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Figure 3.5 	 Heat of hydration data under isothermal conditions­
after Verbeck (1965) 
Without going into the chemistry of cement in some detail, which is a 
topic outside of the scope of this thesis, discussion of the various 
peaks is rather meaningless. The reader is referred to Verbeck's 
paper as well as some excellent books such as those by Bogue (1947), 
Czernin (1962), and Lea (1970). The only information that the writer 
could find that did give some idea of how the rate of heat generation 
varies with both temperature and progression of the reacton is 
presented in figure 3.6. This was reported by Loedolff (1977) as 
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Figure 3.6: Rate of evolution of heat against time for different 
starting temperatures (normal Portland cement with w/c = 
0,50) after Weaver (1971), reported by Loedolff 
(1977) • 
Loedolff does not specifically say that these curves are the result of 
measurements made at constant temperature but for the sake of the 
following discussion it will be assumed that this is the case. These 
curves do have shapes that are similar to other "typical" curves that 
were found by the writer, except that the first peak (on wetting) is 
omitted and the next two are rather closer together than indicated by, 
for example, Verbeck's curve. 
A problem with this type of curve is that the parameter chosen to 
indicate the degree of completion of the reaction is time. This is 
fine when all other variables remain constant but does not work when 
any variable (such as temperature) changes. Numerous "maturity 
functions" have been suggested in an attempt to define the extent of 
cement hydration reactions (Rilem (1981)). These have been developed 
to enable predictions to be made of concrete strength at any age when 
strength at a particular age is known. since the strength clearly 
depends almost entirely on the degree to which the hydration reaction 
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has proceeded, it seems reasonable that the same functions should be 
usable for determining the latter parameter directly. 
Knight (1973) and Muller (1984) have found that the product of time 
and temperature is a good indication of the maturity of concrete . 
They have used this value as a guide to the time of stripping of 
formwork. By considering the fact that there is a maximum total 
amount of energy able to be released via the hydration reaction, one 
can prove theoretically that the degree of hydration cannot be exactly 
related to the time - temperature product. However, during the time 
when the reaction is proceeding at its fastest pace, i.e. in the first 
day or two, the approximation is fairly good. Figure 3.6 could 
therefore have been plotted using maturity (= time x temperature) 
instead of time as a -variable on one of the axes. 
It is only from this type of curve that a suitable empirically based 
formula for use in more exact analysis of heat flows may be obtained. 
These analyses might be done, for example, by the finite element 
method where one needs an expression to indicate the rate of heat 
input at any point in the sample. From the previous discussion it is 
evident that this rate must be a function of at least t~o variables­
temperature and maturity. 
3.6 CODES OF PRACTICE 
All modern, limit state based codes of practice include provisions to 
prevent shrinkage cracking to some degree. BS 5337 is the most 
explicit of the codes in this regard and, clearly the consequence of 
cracks in liquid retaining structures is most severe. CPIIO (1977) 
takes care of these shrinkage strains by simply specifying minimum 
percentages of steel. 
BS 5337 gives the user the option of calculating the minimum 
percentage of steel either on the basis of simply a minimum quantity 
to ensure the steel does not yield at a crack, or, for amounts of 
steel greater than this minimum, based on the expected distributed 
crack widths. (These formulae have already been discussed in sections 
3.3 and 3.2 respectively). 
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BS 8110 (1985) is as for CP1IO but also includes a provision for 
calculating thermal crack widths due to external restraint. Restraint 
factors are given for various situations and the resulting 
"restrained" strain used in the formula for predicting cracks due to 
external loads. 
The CEB-FIP Model Code (1978) also has the same formula for minimum 
steel requirement as the "British" codes but does not otherwise have 
any specific way of calculating reinforcement required to distribute 
cracks due to early age effects. This is kept unchanged in the draft 
version of the FIP recommendations for practical design (FIP (1982)). 
The American Code ACI 318 (1983) simply specifies minimum percentages 
of reinforcement which are held to be sufficient to distribute cracks 
due to early thermal and drying shrinkages. 
None of the codes includes any explicit way of calculating for the 
effects of internally induced strains. Another failing of the codes, 
and in the writers opinion this is probably the most severe, is that 
they generally class reinforced members into one of the following two 
categories: 
(i) 	 Externally loaded, therefore well reinforced and early 
age effects are negligible compared to the total. 
(ii) 	 No external load, therefore only early age effects 
important in determing nominal steel. 
There are, of course, cases which fall between these two, where both 
the early age effects and the subsequent applied loading have similar 
importance. Typical examples are circular reservoir walls cast on 
rigid bases (such as an earlier lift) where the restraint forces can 
be as high as or higher than the ring tension forces due to 
subsequently applied hydraulic loading. In such cases the 
reinforcement requirement for each loading condition must be added to 
arrive at the total reinforcement requirement. (i.e. the effect of 
tensions due to restraint by a lower section of wall is not the same 
as prestressing the wall). This is not spelt out in the codes. 
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3.7 	 SUMMARY OF THE STATE OF KNOWLEDGE OF EARLY AGE CRACKING 
The existing formulae for the prediction of early age cracking have 
been shown to be in actuality a subset of those that have been 
developed for predicting cracking of externally loaded members. As 
such they only really take account of cracking where this is due to 
external restraint (which amounts to an externally applied load). The 
various types of internally applied restraints which have been 
identified, are not catered for by the formulae at all, whereas the 
examination of the quantity of these internally restrained strains has 
shown that they are not neccessarily insignificant. 
Study of a typical series of experiments carried out on reinforced 
concrete walls by Hughes and Miller (1970) shows that, with the best 
will in the world, it is almost physically impossible to gather enough 
data to make a proper analysis of the problem. Even though Hughes 
and Miller measured a very comprehensive set of strains and 
temperatures in the walls they studied, the writer believes that these 
do not go anywhere near defining the walls' full behaviour. Two 
significant areas exist which severely limit the value of this type of 
experimental result. 
(i) 	 Determination of restrained strains 
The actual degree of external restaint was not known or 
rather, it varied in both the vertical and horizontal 
directions over the full area of the walls. Measuring the 
strain in the reinforcement is of only limited value as, 
with 100% effective external restraint (the worst case), 
there will be no measurable strain in the reinforcement. 
This, as previously discussed, is because the strain takes 
the form of restrained strain and no movement takes place 
(or more accurately, as thermal shrinkage takes place, the 
external restraints counteract it exactly by strain in the 
opposite direction). 
The writer suggests therefore that the only way that an 
indication may be obtained experimentally as to the effect 
of restrained strain is by parallel construction of a 
completely unrestrained section of similar properties to the 
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one being monitored, and which is subjected to external 
restraint. 
Measurements of strain taken on reinforcement subjected to 
only internal shrinkage effects actually give an indication 
of the unrestrained portion of these strains, which is the 
exact opposite of those strains which are implied in the 
formulae for calculation of crack widths. 
(ii) 	 Determination of secondary strains 
Into this category the writer includes those strains which 
come about as a result of differential thermal shrinkage, 
differential drying shrinkage and strains due to steel 
concrete ·interaction at cracks. Measurements such as those 
taken by Hughes and Miller (197) might give an indication 
of the relative straining of steel and concrete due to the 
first three, but become hopelessley inadequate when 
considering the last. The problem essentially is that all 
that has been physically measured to date has been over 
gauge lengths that are far too long to be specific to any 
one area in a situation where strains are expected to change 
rapidly. 
As a result of these observations, especially those in (i) above, the 
writer finds it difficult to accept that the formulae derived have 
much basis in either experimental fact or correct logic. The logic 
only applies to half the problem and as explained in (i) above, the 
experimental data against which it has been checked appears to be 
flawed. 
In addition, as was observed in section 3.3 the formula for 
calculating minimum steel quantities appears to the writer to be based 
on an incorrect assumption which could lead to significant 
underestimates of "nominal" steel. The codes generally fail to take 
account of "restrained strains" due to internally applied restraint. 
They also fail to point out that there are some cases where the forces 
acting on a structure due to restraints may be of a similar magnitude 
to those due to externally applied loads. Even though stresses due 
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to the latter might be dissipated by the action of creep, the cracks 
will not and the final crack size will be the result of the cumulation 
of these effects. 
When it comes to trying to include all of the internal differential 
straining effects into a simple formula, the writer believes that 
there is no easy way forwards. Because of the very small scale on 
which large changes of stress occur in the vicinity of cracks and 
reinforcing bars and the problems associated with measuring these 
physically, it is not easy to gain further insight into the mechanisms 
of cracking under these circumstances by experimental means. 
In the next chapters the proposal is made, and partially followed 
through, that theoretical modelling using the finite element 
technique might be a way of studying some of these phenomena that 
defy physical measurement. 
CHAPTER 4 
CONSIDERATION OF THEORETICAL MODELLING 
4.1 	 JUSTIFICATION OF THE CHOICE OF COMPUTER MODELLING OVER 
EXPERIMENTAL MODELLING 
The literature survey, 	 2 and 3 has ident 
many quite widely di attempt to predict crack 
based on As in the summary of 
chapter 2, there is a of cohesiveness in the theory (or 
) which intimates that it would not up too well to 
analysis if were In 3 it has 
shown that the only theory used for age is really a 
subset of those developed for to loads. The 
more specific problems of early age have not been addressed 
the at all. 
In the addendum the wri ter has to set down what he believes to 
be the cause of the lack of of empirical 
It worth considering some of the associated with 
investigations of cracking. 
(i) 	 One of the major problems of lab 
is very difficult to monitor what is 
test member. Thus the exact mechanism of of 
cracks and crack patterns unsure. 
(ii ) Cracks are inherently very small and t to 
measure. In when 





new(iii ) 	 Lab tests are very time consuming. A 
test red each time a parameter altered even 
sl 
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(iv) 	 Each test has to be repeated several times to remove 
random errors from the results. 
(v) 	 It is not usually practical to vary only one parameter 
at a time in experimental tests. 
As a result of the above considerations, and in view of the fact that 
an enormous amount of empirical investigation has already been done on 
the subject of cracking in concrete, the writer proposed analysing a 
series of mathematical models of reinforced concrete being subjected 
to cracking stresses. These would be modelled by computer using the 
finite element method and, as far as possible, would make use of the 
latest available constitutive models for concrete. 
The advantages of using finite element models as opposed to laboratory 
models are as follows: 
(i) 	 Interference by random occurences on results is 
eliminated. Once specified, material properties and 
loading characteristics are consistent. 
(ii) 	 As a result of (i) above, one is much more readily able 
to isolate particular parameters for study than is the 
case in a laboratory. 
(iii) 	 One can "see" what is happening inside a finite element 
model. 
(iv) 	 Effects of small changes can be studied relatively 
quickly. 
Disadvantages of using finite element models include the following: 
(i) 	 Although they are being improved rapidly, the available 
constitutive models of concrete for use in finite 
element packages are still far from perfect. Indeed, 
concrete, being an unhomogeneous material, does not 
lend itself to exact modelling of its properties. 
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( i i) Numerical instabilities can and do occur in 
mathematical models, especially where the events 
modelled are of a highly non-linear nature, as is the 
case with cracking of concrete. 
Despite the disadvantages, it was thought that by carrying out a 
suitable series of finite element analyses it would be possible to 
gain a significant amount of information about the mechanisms involved 
in crack formation around reinforcing bars. It was hoped too, that as 
a result, it might be possible to establish the validity or otherwise 
of some of the relationships postulated between cracking and various 
parameters by the empiricists. 
4~lrlVerification of analysis results 
Obviously, any results obtained from a theoretical analysis using 
slightly suspect analytical tools is useless unless verified in some 
way. The original plan was to verify the results by: 
(i) Comparison with published work, 

and (ii) by carrying out some selected "control" lab tests. 

In the event, time has not permitted that all of the desired computer 
modelling be carried out, let alone full verification of the results. 
The results that have been obtained are compared in fairly general 
terms to the data available in the literature and their validity is 
discussed. Even based on this work a considerable amount has been 
learned that should be of benefit to future researchers in the field. 
4.2 	 BRIEF HISTORY OF THE DEVELOPMENT OF CONSTITUTIVE MODELS FOR 
CONCRETE 
The development of the finite element method has spurred a tremendous 
amount of research work on the development of various mathematical 
material models, or constitutive models. One of the materials that 
continues to defy accurate modelling is concrete. Great strides have 
however been made since the earliest days when only linear elastic 
analyses could be carried out. 
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Ever since concrete has been used as a construction material, its most 
obvious non-linear property, that of fracturing under fairly low 
tensile stress, has been well known and allowed for in design. 
Traditionally designers and analysts have assumed that concrete fails 
at some limiting tensile stress and for most purposes this assumption 
is adequate. 
As early as 1920, the Griffith theory of fracture mechanics was 
postulated which predicted that a brittle material would rupture when 
a critical strain-energy-release rate was reached. At this point the 
rate of release of strain energy on fracturing would be at least equal 
to the rate of increase in free surface energy due to the formation of 
a new crack. Kaplan (1961) was the first researcher to attempt to 
apply this concept to concrete, concluding that the concept of a 
critical strain-energy-release rate was a valid condition for fracture 
of concrete. 
Since that time researchers have tried the application of several 
different criteria for the modelling of the propagation of discrete 
cracks. Hillerborg et al (1976) cites several of these:­
( i ) 	 The stress intensity factor approach. Here the 
stresses near the crack tip are studied. These 
theoretically approach infinity near the tip according 
to the expression. 
• •. (4.1) 
where r distance to the crack tip 
K = stress intensity factor. (At K = Kc the 
crack propagates). 
Drawbacks of this method are that a very fine mesh is 
required at the crack tip, and also, more seriously, 
the method does not predict crack formation, but rather 
only their propagation. 
(ii) 	 The energy balance approach. This method has been 
briefly described above. This method too, has the 
(i ii) 
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drawback that it does not predict the formation of new 
cracks. 
The "strip-yield" model according to Dugdale. This 
method assumes that there is a plastic zone near the 
crack tip as shown in figure 4.1 
equivalent plastic crack 
real crack plastic zone 
UD:~+--+~_____ 
CJyield 	
~ cJ yield 
Figure 4.1 	 Dugdale model for crack tip plasticity after Hillerborg 
et al (1976) 
(iv) 	 The cohesive force model according to Barenblatt. This 
is similar to the Dugdale model but the stress in the 
"plastic zone" of the crack is assumed to vary with the 
deformation. 
Hillerborg et al carried out some F.E. analyses using models similar 





uof concrete, fct 
Figure 4.2 Fracturing model after Hillerborg et al (1976) 
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Integrating, to obtain the amount of energy absorbed in opening the 
crack, the energy per unit crack area is 
••• (4.2) 
This can now be equated with the critical strain energy release rate, 
Gc ,which would mean that the energy absorbed per newly formed crack 
would be the same as in the energy balance approach, indicating 
equivalence of those methods. In addition the assumption of gradual 
decline of stress with the opening of a crack is a reality. This is 
discussed in greater detail in section 5.1.1.3 on tension stiffening 
and strain softening. 
In contrast to the other methods listed above, Hillerborg's method 
models not only the propagation of existing cracks but also the 
formation of new cracks. These are assumed to form when the tensile 
stress reaches , which is the same criterion used to determine the 
propagation of the cracks. 
Besides the fact that concrete cracks in tension, it exhibits 
non-linear behaviour in other ways. Its failure in compression is 
essentially plastic in nature and various models have been proposed to 
predict this. Of greater concern to this thesis however, is the fact 
that, prior to cracking in tension, the behaviour of concrete is not 
strictly elastic. 
It is generally accepted that the inelastic behaviour exhibited by 
concrete prior to cracking in tension is in fact the result of the 
formation of very many microcracks which begin to coalesce into fewer, 
larger cracks as the stress approaches its maximum. In addition, as 
has already been noted, it is now accepted that as these larger cracks 
form, the stress across them does not fall immediately to zero. As 
was shown earlier, an energy based fracture criterion seems to take 
care of the latter non-linearity of concrete's behaviour but provision 
must also be made for its non-linear behaviour prior to cracking. 
Chen and Chen (1975) have produced a concrete model that is 
essentially a modified plasticity theory to explain the general 
non-linear behaviour of concrete. This model has the drawback that it 
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does not incorporate a very good model of the actual formation of 
discrete cracks, in that it does this by a simple tension cut off 
which causes the stress to drop immediately to zero. 
Others have devised non-linear fracture mechanics models to include 
the non-linear behaviour of concrete. Recently, more cognizance has 
been taken of the progressive manner of concrete failure by 
microcracking, and "damage mechanics" models have been developed which 
use a "damage" parameter as the controlling influence for the 
progressive degradation of concrete's elastic properties. (e.g. 
Resende (198S(a))). 
Besides making advances on the actual material models, researchers 
have had to devise ways of applying these using the finite element 
technique. A significant problem is how best to represent fracturing 
of concrete. Two techniques are used, namely: 
(i) discrete cracks 
(ii) smeared cracks 
Bazant and Cedolin (1979) noted that modelling cracks as smeared 
rather than discrete, offers considerable savings in complexity in the 
formulation of the finite element model. The main saving is a 
practical one in that all that needs to be changed after cracking 
occurs is the element stiffness whilst with discrete cracks, one has 
to cope with topological changes which necessitate node renumbering. 
Besides this, a very important point in favour of smeared cracks is 
that the direction of the cracks does not have to be known in advance 
(discrete cracks between elements can only proceed along element 
boundaries.) 
Modelling cracks as smeared over a finite zone of the concrete 
continuum also presents problems as the width of the crack front has 
an influence on its propagation. Bazant and Cedolin (1979, 1980) 
considered the objectivity of various ways of predicting cracking. 
They concluded that stress cannot serve as an objective propagation 
criterion for the propagation of an element-wide crack band. This is 
explained as follows: if we consider finer and finer meshes, then the 
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stress concentration ahead of the element-wide band 
as the element ze tends to zero. 
that "In general, failure in terms of 
stresses (strength are objective only if they are of the 
I i.e. if the stress is kept constant after nment of 
the failure terion. If the stress is reduced, however, 
is " Bazant and CedoIin introduced an energy 
criterion for crack band model which found was objective in 
found were i of the element 
size chosen. They state that ication of fracture 
to concrete has been doubted by it is 
to structures as reactor vessels. 
For smaller structures, they say, one is a transition from 
the energy to the ch ies for a 
ting small at the 1 of modell For 
a reinforced concrete the authors found that the 
is of Ii concern to this 
investigation where only in unreinforced concrete is to be 
in very close ty to , and as a 
of the presence of the 
Kostovos and Newman (1981) have 

concrete various states of stress and 
 a model 
of the fracture under ng This 
is an area where there 
avai however and is the research. 
the of size, as 
well as the of ratio and coarse texture 
on the fracture 
Nallathambi et al (1984) have invest 
of concrete. 
4.2.1 Size effect 
It has long been known that the size of structures can have an effect 
on the stresses at fail. Indeed was really 
reason for the of the fracture approach 
over the criterion for determining failure. Where the 
latter does not any effect due to size, the main purpose of 





linear fracture mechanics the of 
ze, and have found that non-l fracture can 
4.3 a plot of 
stress nst the of the characteristic dimension for the three 






mosl exl5ting tuts 
nonlinear fracture mecnc:nlcs 
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4.3: Illustration of prediction of size 

models - after Bazant & (1984) 

The authors report Bazant has found in work that the 
structural size effect to the of 
dimension to maximum size ) • This sounds 
when one considers the strong effect on 
has. tend to form on the interfaces 
and the mi and inI 
the spaces between the (for normal concretes). 
Thus I indirectly, the determines the size and frequency 
of flaws in concrete which what size effect all 
about. 
4.3 	 PREVIOUS ATTEMPTS TO MODEL CRACKING ~qOUND REINFORCING BARS AS A 
CONTINUUM PROBLEM. 
to the of the finite of 
for the actual stress in 
cracked and concrete around reinforced bars most researchers 
made the kind of simpli that allowed their 
the 
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to be based on a simpler, single value such as the surface stress in 
the concrete. Having only one value of stress to worry about at any 
particular distance along a reinforcing bar away from a primary crack 
certainly was easier to visualize, not to mention portray, on paper 
(for example see figure 2.4). 
Several researchers made attempts to model the stresses in the 
concrete as stress in a continuum rather than simply assuming some 
distribution of surface stress as portrayed in figure 2.4. 
Broms (196S(a)) devised a method of injecting resin into cracked 
members whilst they were still under load. When they were unloaded 
and cut open he discovered the presence of internal cracks and also 
the fact that new pLimary cracks appeared to grow from the bar 
outwards to the member surface. Figure 4.4 shows a typical example of 
his test members. 













Figure 4.4 Crack formation in singly axially reinforced cylindrical 
tension member - after Broms (196S(a)) 
In the next paper of a series Broms (1965(b)) attempted to analyse for 
the actual stress distribution in membeLs with tension cracks. His 
analysis carried out on a model as shown in figure 4.5(c) which was 
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to represent a between 	 primary cracks, of the 
in figure 4.5(a) as shown 4.5(b). 
o 
, . 
; . . .. 
'-' ­ .' . B"..... '" 
I' 
PRIMARY TENSILE(a) (b) (c) 	 CRAa< 
4.5: a) Uncracked 	 member and c) model of 
--"'- ­
concentrically of tension member between 
two cracks - after Broms (1965(b)) 
Although an enormous step forward the consideration of the 
surface stress of the concrete, Broms's 
that: 
(i) concrete was assumed to be linear 
(ii) was two stress) th 
load on either end 
the under rather than over two 
areas of size (as in a 3-D or 
case) • 
(iii ) The model represents a section of concrete and 
not include any way of ng the steel. 
(iv) 	 Broms only analysed for stresses in the 
and perpendicular to the applied load. 
shear stress was not reported on and thus, 
were the resultant or minimum 












Some of the 	 were obtained by Broms are shown in figure 
4.6. 	 They appear to what he had al 
- i.e. seem to and not 
inwards from the surface. 
.....;;;;...<......;;.__ 4.6: 	 calculated longitudinal stress 
concentrically members 
(b) ) 
As may be seen figure 4.6, Broms noted that one drew a circle at 
the to the nearest 
crack as radiust the circle would encompass whole area 
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well with his observations of how far cracks would propagate in any 
given circumstance and led to his proposal that this distribution of 
stresses explained the apparent proportionality of crack widths and 
spacings to cover. 
~~he potential for carrying out significantly better analyses than 
those attempted by Broms only really came about with the development 
of the finite element technique. 
Amongst the earliest workers to attempt the application of the finite 
element technique to cracking were Ngo and Scordelis (1967) who used a 
linear elastic constitutive equation for the concrete. They then had 
to manually insert the cracks into the model as initial boundary 
conditions (i.e. as discontinuities between elements). The bond 
between the reinforcing and the concrete was modelled by inserting a 
"bond slip" element (also linear elastic) into the interface. 
Despite the obvious shortcomings of their model, Ngo and Scordelis 
stated in their conclusions that "From the results it can be seen that 
the finite element analysis offers a complete picture of the stress 
distribution in the entire beam, which generally cannot easily be 
obtained by other analytical or experimental methods." 
Lutz (1970) carried out an elastic axisymmetric finite element 
analysis on a short cylinder to model the conditions in concrete 
between two flexural cracks. He was aiming to "obtain quantitative 
information on and an understanding of the stresses and deformations 
that occur in the vicinity of reinforcing bars after transverse cracks 
have formed." 
Lutz observed that if perfect bond was maintained after cracking in 
the vicinity of a crack, the stresses would have to be impossibly 
high. He observed that a stress concentration exists at the steel 
concrete interface at the ends of the cylinder, and that the radial 
tensile stress at these points was especially high. Accordingly he 
postulated that failure in this region must occur by separation 
between the bar and the surrrounding concrete. Assuming a length of 
separation he constrained the concrete to move diagonally outwards (to 
simulate the concrete sliding on tapered ribs). An exaggerated 
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d~awing of the displaced shape obtained In this way is shown in figu~e 
4.7. 











Figu~e 4.7: Defo~mation of conc~ete cylinde~ between c~acks 
- afte~ Lutz (1970) 
In addition, Lutz noted that very high ci~curnfe~ential st~esses 
occu~~ed nea~ the faces of the c~acks, and postulated this would be 
whe~e longitudinal c~acking would commence. Next, Lutz int~oduced 
bond slip which, he states, made it possible to bette~ app~oximate the 
shape of expe~imentally obse~ved t~ansve~se c~acks. 
Lutz noted that his analysis indicated that, at the su~face of the 
cylinde~, longitudinal extension was negligible and in fact actually 
became comp~essive. This ag~ees well with some of the experimental 
findings of B~oms (1985(a)) and Hognestad (1962) (see Chapte~ 2). In 
cont~ast the longitudinal st~esses at the ba~ we~e la~ge enough midway 
between p~imary c~acks fo~ a new c~ack to form he~e and ~adiate 
outwa~ds. Once again, this phenomenon has been confi~med 
expe~imentally (B~oms (1965(a)) and (B~oms and Lutz (1965)). 
Labib and Edwa~ds (1978) ca~ried out "non-linea~" analyses of simila~ 
models to Lutz. They modelled bond slip using linkage elements 
gove~ned by a non-linea~ st~ess-st~ain law. The conc~ete mate~ial 
model used by the autho~s assumed linea~ elasticity in both tension 
and comp~ession. It appea~s to the w~ite~ that the f~actu~e crite~ion 
was st~ess, with the tensile st~ess d~opping immediately to ze~o afte~ 
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cracking, some was maintained. A further 
1 of these was that they were only two d 
(i.e. the was assumed to be smeared over the 
member) • 
Labib and Edwards carried out on long members to to 
simulate the of and short members 
cracks) to secondary cracks. 
plots of their results are 4.8 and 4.9. (Note 
a each member ) . The member 
their two examples are as in table accompanying 
Several other researchers have out work on analysing the bond 
of steel to concrete finite element of the response of 
the concrete around the bar. (For Somayaji & 
Shah (1981), Gerstle et al (1982), et al (1982), 
(1982) , et al (1984) I (1984) , and et al 
(1985) ) . This work however has not been out with a view to 
able to crack and crack , but rather with 
a to being able to 
concrete to stress. 
In the light of what has been in section 4.2 it clear 
that some very fine concrete models have been . In making a 
choice of which to use, however, the writer was limited the finite 
codes for use at the University Town. These 
are (non-linear codes only): 
( i ) 
(ii ) ADINA 
(iii ) NOSTRUM 
Of the above, both ADINA and are well known, comnercially 
available te element codes, made for use the 
University of Cape Town under Both are 
codes of a very wide range of problems, 
various of non-linear effects. 
II klpt ~~} ) \ ---+¢. 
(a) Crack pattern before the formation of first primary crack; member T· RC2 
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primary cracks - after Labib & Edwards (1978).member - after Labib & Edwards (1978). 
available from Messrs ttl Karlsson and Sorenson, Inc., 
35 Angell St., Providence, Rhode Island, 02906, USA. Its 
are described by et al (1984). 
ADINA from Messrs ADINA AB, Munkgatan 20 0, 
S-722 12 ,Sweden. Its are described in full by 
ADINA (1984) . 
NOSTRUM a non-linear finite element code under ongoing development 
by the Research Unit at of Cape Town. 
Its full are described Mechanics 
Uni t (1984). on the damage model were by 
Resende (1985b). 
Initially it was that the would be made from either 
ABAQUS or ADINA as NOSTRUM was limited to and 
axisymmetric and it was hoped that the of different 
bar layout would be studied. 
Of these two MDt",ULJ was ected as it had the better concrete model 
in that it the user to model the of the 
stress/strain curve the concrete ADINA, 
on the other lowed the user to model point of 
concrete as a tension cut-off. The 
portion of the curve was to be an important 
factor in the accurate of concrete 
A NOSTRUM was that, although it had a model 
implemented in the code which would allow the modell the full 
stress/strain curve for concrete, this was much more fficult to 
than the other models. 
which weighed in favour of using as 
code were that it was able to into the many 
effects that could not be modelled NOSTRUM. These to the 
portrayal the age effects of thermal and 
inclusion of ng strains into the before 
, and the abil user defined model laws 
many of the cases above. 
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Thus ABAQUS was chosen as the pLefeLLed package fOL use in the 
investigation. A pLoblem howeveL, immediately sULfaced with Lespect 
to its use: the "concLete model", which was the pLime Leason fOL 
choosing the package, was not available on the veLsion installed on 
the UCT computeL at that time. Since theLe weLe plans alLeady in 
existence to install a Levised veLsion with the concLete model, the 
wLiteL decided that a staLt would be made with the analysis of some 
simple lineaL elastic cases to CLeate familiaLity with the package. 
These models did give a few pLeliminaLY indications of what might be 
expected to OCCUL in a non-lineaL analysis but weLe not much mOLe 
helpful than that. The most impoLtant thing that showed up 
immediately was the degLee to which stLess concentLations could be 
expected in the concLete immediately sULLounding the baL and adjacent 
to a pLimaLY cLack. To model the stLesses in this aLea with any 
Leasonable degLee of accuLacy, it was immediately appaLent that a 
pLopeL non-lineaL model was needed fOL the concLete. 
BefoLe the Levised veLsion of ABAQUS aLLived, a constitutive model fOL 
the Damage Mechanics modelling of concLete became available on NOSTRUM 
and the writeL decided to utilize this code and constitutive model fOL 
modelling of some basic situations of cLacking of concLete due to 
steel/concLete inteLaction. Some salient featuLes of the "damage" 
model, its calibLation and the use made of it aLe descLibed in chapteL 
5. PLoblems weLe subsequently expeLienced with the use of this model 
but by then the Levised veLsion of ABAQUS was available on the UCT 
computeL and that package was then used fOL the LemaindeL of the 
computeL models analysed fOL this thesis. Some salient featuLes of the 
ABAQUS "concLete" model, its calibLation and the use made of it aLe 
descLibed in chapteL 6. 
4.5 SERIES OF COMPUTER MODELS 
Although it was oLiginally hoped to exploLe the effects of diffeLing 
LeinfoLcement layouts and section shapes by thLee-dimensional 
modelling, a logical fiLst step was to attempt to analyse some 
two-dimensional models. These could have two forms: eitheL plane 
stLess OL axisymmetLic. 
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In the initial models the intention was to model some prisms of 
concrete with a single reinforcing bar down the centre. These would 
be compared to similar tests done by various authors (eg: Beeby 
(1972)). Although the tests reported in the literature were done on 
rectangular prisms it was felt that axisymmetric modelling, which 
meant approximating the rectangular concrete prisms by cylinders, was 
preferable to plane stress modelling. This latter would entail 
modelling of the bar as being "smeared" over the whole depth of the 
section. The two alternatives are compared in figure 4.10. 




PLANE STRESS AXISYMMETRIC 
Figure 4.lG:Alternative finite element models for a singly reinforced 
prism. 
Since the transfer of stresses between bar and concrete is essentially 
something that happens radially, it was felt that limiting this to 
only two directions, as in the plane stress model, would involve a 
significant loss of realism in the model. The axisymmetric model also 
enables one to model effects such as ring tension and compression, 
which cannot be included in a plane stress model. 
In contrast with the techniques used by others who have incorporated 
various bond-slip or bond-separation elements, the writer decided to 
try to model all of the concrete using the same constitutive model 
with no special linkage elements. The writer hoped that since the 
material model used would be better than those previously used to 
model the same problem the need for these special elements would 
disappear. 
Certainly in the case of the bond separation noted by Lutz (1970), for 
instance, this would hopefully be taken care of in the writer's models 
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cylindrical concrete prism 
" reinforcing bar 
~ primary cracks 
.-­
p 
(a) Whole reinforced concrete prism 
p 
G = 1 
.--. 
primary crack face 
plane of symmetry 
concrete 
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CONCRETE 
(c) Discretized finite element model 
Figure 4.U: 	Relationship of a Finite Element model to a complete 
reinforced concrete prism. 
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in a more natural way by yielding and fracturing in the concrete 
around the bar. Actual differences between the bar to concrete and 
the concrete to concrete adhesion would not be modelled but it was 
thought that the inaccuracies introduced by this simplification would 
be minor. 
In the case of bond slippage along the bar, experimental evidence has 
shown that for deformed bars this is usually negligible. Since this 
was the type of bar to be modelled the writer felt that having the 
concrete securely fixed to the steel at their contact surface would 
not be an unreasonable simplification. It has been shown 
experimentally that when bond failure does occur with deformed bars it 
occurs by localized crushing of the concrete that bears on the ribs of 
the reinforcement. , The writer felt that observing the development of 
any substantial compressive forces in this area would be a sufficient 
check against gross errors in the analyses due to this type of failure 
occurring. 
Figure 4.11 shows how the finite element models relate to the complete 
prisms. Firstly (fig. 4.1l(a)) we start -off with the long prism, 
cracked at intervals, S, apart. In the next figure (figure 4.11(b)) we 
isolate a section of the prism between two primary cracks. Noting the 
plane of symmetry In the centre between the two primary cracks and 
since we have symmetry about the centreline, we can limit our analysis 
to the slice shown dotted in figure 4.l1(b). The next step is to 
discretize this section into finite elements and apply suitable 
boundary conditions (see figure 4.11(c)). 
Because the subject of most interest is the behaviour of the model as 
the concrete progressively fails, it was decided that it was 
preferable to apply the load to the model by way of increasing 
displacements rather than increasing load. Again, since we are 
interested in knowing the width of the primary crack, if we apply a 
uniform displacement to the plane of symmetry rather than the bar at 
the crack end, we can obtain this directly by monitoring the 
displacement of the nodes along the primary crack. 
All of the models analysed using either the damage mechanics or ABAQUS 
concrete constitutive models are of this same basic type. Different 
For this configuration, Beeby had found mean value of wi s was 
to 76 mm 
(where: w = crack 
E = strain) 
to the theory outlined in 2, 
w = 3 e , 
where 3 = the distance between cracks{ value also represents the 
average crack spacing 3 m " Accordingly a between cracks 
of 80 ~ was chosen for the first model. models would be 
derived as alterations of this one cover, bar I and 
stances cracks. 
The ranges of these values examined were as follows: 
c.)ver: 20 mm to 80 mm 
b3r size: 10 mm to 30 mm 
between cracks: 80 mm to 320 mn. 
The full of carried out is given in 4.1. The 
attached to the mojels are in accordance with the method of 
as Appendix A. 
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Table 4.1: Finite analyses out on 
members (axisymmetric). 
Cover 
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FINITE ELEMENT MODELLING CARRIED OUT USING "NOSTRUM" AND DAMAGE 

MECHANICS MODELLING OF CONCRETE 

5.1 CALIBRATION 
The damage model concrete, implemented on the NOSTRUM 
finite element code t was by (1985(a)). Detailed 
of scope of this but 
a few salient points should be 
(i) 	 The model mechanisms to model 
hydrostatic 
the elastic 
properties of the model are ively degraded. 
(ii ) Under hydrostatic 

bounded by a 





direction it is 

Resende (1985(a)) calibrated the model to match concrete data reported 
et al (1969, 1973). The writer the data supplied 
Resende (1985(b)) and ran the three tests on 
models to check on the behaviour of the 
(i) uniaxial compression test 

( ) tension test 

(iii ) 	 test 
5.1 shows that the uniaxial of 
concrete 29 / 6 MPa which is typical of that used by other 
The response 
as the n is increased until at the stress the 
ici shear 





is a scalar 






























UNIAXIAL COMPRESSIVE STRAIN -
1000 2000 3000 4000 5000 6000 
5.1: Behaviour of Damage Mechanics in uniaxial........;.....=....---­
100 200 
5.2: of NOSTRUM Mechanics Model in (a) uniaxial 
and (b) biaxial 
500 
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is ly Thereafter, the model 
to and actively elds 
failure. The ve stress appears to be asymptotic towards a 
value that greater than zero but s is of Ii concern to the 
analyses to be out here which should be dependant on 
the Ie response of concrete. 
5.1. 2 
5.2 shows both the uniaxial and biaxial response of the 
model to tensile stresses. Resende (1985(a)) has shown 
that the parts of the curves match well to the 
data of et al. the order of tude of the 
Ie stress at over ten of the 
agrees well with experimental findi Raphael 
(1984 ) a very number of test results and the 
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(1984) • 
The beginning of the non-l behaviour under Ie stress occurs 
at the order of evidence to 
show that the start of "plastic" behaviour of concrete actually 
coincides the commencement of 
There is 
(1963) used 





determined, via the proportional limit of elastici ty, that 
micro-cracking could start at between 30 and 80 micro-strain depending 
on the percentage of coarse aggregate in the mix. These results are 
shown in figure 5.4. Also shown in this figure are Kaplan's findings 
of the strains which represent 95% of the ultimate load. These vary 
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Figure 5.4: 	 Relation between tensile strains in direct tension test, 
and percentage of coarse aggregate by volume - after 
Kaplan (1963). 
Evans and Marathe 1968, using a microscope rather than the limit of 
proportionality between stress and strain found that micro cracking 
occurred at somewhat higher strains than those found by Kaplan. In 
fact their values of 90 to 140 micro strain for the commencement of 
cracking coincides almost exactly with Kaplan's 95% of load range. 
Although there appear to be quite considerable differences in these 
findings, in actual fact, in terms of the overall behaviour of the 
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concrete (up to the peak stress) the actual mechanism of the "plastic" 
deformations is not that important. For the purposes of the present 
study the rising part of the tensile stress-strain curve as shown in 
figure 5.2 is quite accurate enough. The descending portion of the 
stress-strain curve is another matter entirely. Initial information 
available to the writer was that there was no accurate data available 
on this subject. As a result the NOSTRUM damage mechanics model has 
not been calibrated to any experimental data, but rather, the slope of 
the descending portion of the curve is the subject of guesswork 
(Resende 1985(b)). Information which subsequently came to hand 
indicates that the calibration of the model, as used for the various 
analyses, is not very accurate. This information is discussed in the 
next sub-section, and the possible consequences of using a poorly 
calibrated model are discussed in chapter 7. 
5.1.3 Tension stiffening and tensile strain softening 
Many experimenters have measured the rising portion of the tensile 
stress-strain curve of concrete. Similarly the point at which the 
concrete will fracture has been given wide attention and several 
proposals exist on how to predict fracturing theoretically. There is 
another portion of the stress-strain response curve that has been 
assuming greater importance in recent years, namely the descending 
portion. 
This portion of concrete's response is very difficult to measure 
because one needs an extremely stiff testing machine that will not 
suddenly rip the sample apart with stored energy as the latter reaches 
fracture point. Nevertheless there is considerable evidence that it 
exists. Hughes and Chapman (1966) and Evans and Marathe (1968) both 
tried to determine the complete stress-strain curve for concrete in 
direct tension. Typical curves established by Hughes & Chapman and 
Evans & Marathe are shown in figures 5.5 and 5.6. 
Comparison of these curves shows that there is a considerable scatter 
of strains at which the curves peak - from approximately 50 micro­
strain for Hughes & Chapman's results up to 800 microstrain for those 
of Evans & Marathe. There is likewise a large scatter of different 
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Figure 5.5: 	Complete stress-strain curves for concrete in direct 
tension - after Hughes and Chapman (1966). 
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with ns ranging from about 75 microstrain (Hughes & 
Chapman curve no. 4) to 3 200 microstrain (Evans and Marathe curve no. 
5) In all cases the stress in the concrete never 
all the way to zero but fails abruptly at some above zero 
stress. The curve in figure 5.2 from the uniaxial 
test on a element is the same range as 
Hughes and 's results, but slopes down to zero considerably 
curves obtained by Evans & Marathe. It is, 
that the has not yet been 
written on of concrete's and the determination 
of reliable data on softening of concrete the subject of 
ongoing research stiff and machinery. 
more 
however, 
There is another of of tensile 
curves of concrete that needs to be at this 
For years, it has been observed that when a beam in 
flexure, its resul is somewhat than would be 
if the concrete's contribution had dropped 
to zero. Since the concrete could be well range at which it 
has developed discrete cracks across which load could no 
ed in tension or shear, effect appears to be due to the 
individual contributions of the small of concrete 
to the bar. There could still be a transfer of stress 
from the bar and the crack zone by way of and strut 
of the remaining "teeth" of concrete, such as those fied 
Goto (1971) ( 2.5) • 
a descending of the stress-strain curve concrete 
has incorporated into models and element 
codes 1y as a way of allowing for this 
of overall ffness of the bar and concrete 
5.7 shows a typical obtained stress-strain curve 
for a prism of concrete how, even after the 
concrete has "fully" cracked 1 provides an increase 
over the bar alone. 
effect has become known as "tension II 
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5.7: cal curve for a of 
concrete loaded in 
The eves that this difference between 
n-softening and tension ffening be understood as this 
has relevance to the led of reinforced concrete. 
If one , for instance, the of a 
beam the in,...,,,>,,,,...,,,,,,,.... of some "tension ffening" into the concrete 
model will be to results agree well 
with the ones. If, however, one wants to ma.tch the 
of bars and concrete the 
sti If we could model the 
of discrete cracks and we had aI 
of the problem it that to obtain correct 
overall results, the of the concrete's 
stress-strain curve would tend towards the strain value, and 
the tension ffening, which there to compensate for 
modelling would tend to zero. 
Thus it is that the of the ng of 
the concrete's tensile response should be somewhat flatter than the 
actual values from 
in order to compensate for some of the ng 
This is illustrated by 5.B. 
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~ stLain softening 
" 
", 
actual behaviour of concrete 






FiguLe 5.8: 	 CompaLison of "tension stiffening" and stLain softening 
on concLete. 
It was oLiginally hoped that the slope of the descending pOLtion of 
the CULve might be vaLied in subsequent analyses in an attempt to 
appLoach a match to expeLimental Lesults. In the time available, and 
in view of otheL technical pLoblems, this, howeveL, was not possible. 
5.2 DISCUSSION OF ANALYSES USING NOSTRUM 
5.2.1 Model DIA (distance between pLimacy CLacks 80 mrn) 
The geometLY 	 and discLetization of the fiLst axisymmetLic model to be 
analysed is shown in figuLe 5.9. It has been given the name DIA in 
accoLdance with the method of naming adopted by the writeL and 
descLibed in appendix A. 
The mesh fOL this analysis was chosen as being fa iLly coaLse in 
anticipation of extending the model to simulate the situation wheLe 
theLe is a gLeateL distance between CLacks, although it was expected 
that a fineL mesh might be needed to impLove theaccuLacy of the 
model. Since the damage model had peLformed well and usually Leached 
equilibLium within one OL two iteLations in the uniaxial and biaxial 
tests caLLied out fOL calibLation, the same value of equilibLium 
toleLance was chosen fOL model DIA at 0,1%. with this toleLance, 
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Notes on r-z-variable plots: 
(i) Only theconcrete is shown. 
(ii) The divisions on the perspective plots 
represent interpolation grids used by the 
contouring programme. 
(iii) The reinforcing bar is always on the LHS. 
with the plane of symmetry at the bottom - as 
shown above. 
Figure 5.9: Geometry and discretization of NOSTRUM models 
(DIA, D2A, D3A). 
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however, the analysis would not progress beyond a few increments of 
strain before coming to a halt because of lack of equilibrium 
convergence. When the convergence criterion was removed totally the 
analysis proceeded reasonably well up to an average steel strain of 
about 275 microstrain, at which point the convergence ratios increased 
rapidly and numerical instability caused the analysis to stop. 
Examination of the stresses in the concrete showed that the point at 
which the analysis stopped corresponded to the point at which there 
was a complete breakdown of "bond" between the concrete and the steel. 
In other words the stresses in all of the elements adjacent to the bar 
had passed the peak value allowed and were on the descending part of 
the stress-strain curve. 
Although it was acknowledged that the results obtained thus far were 
probably rather rough it was felt that there was little point in 
proceeding with further analyses unless this first one showed some 
promise of producing results. A considerable amount of time was 
therefore spent on examining the output of the analysis of model OIA. 
Subsequent attempts to refine the models are discussed in section 5.3. 
5.2.1.1 Analysis and presentation of results 
The extraction and interpretation of relevant data beyond a simple 
displacement at one or two points becomes quite a problem with this 
type of analysis where the state of the entire model changes (and is 
of interest) with each new increment of load. The writer was 
anticipating certain occurrences at certain positions in the model and 
it was therefore possible to scan the output for these. To monitor 
what was happening to all the variables in the whole model throughout 
the whole loading range seemed to be a mammoth, if not impossible, 
task. The NOSTRUM post processor had the facility to plot vectors of 
principal stresses and displacement increments at the gauss points at 
any particular increment. Likewise "time-history" plots could be 
plotted for the value of a particular variable at a particular point 
over the full loading range. Even with the simple mesh used here 
there are 64 gauss points (in the concrete only) and since there are 
approximately seven variables that might be of interest at each point 
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that would mean up to 448 different graphs! 
would be a r culous task and a pile of 448 graphs would be as 
i Ie printout. 
The ter ways of presenting the results the 
in a more and readily interpretable way. To 
the results , one real needed to be able to a 
four-dimensional where the four axes would be: r and z 
the being considered I and the level 
of load. 
since it is to represent a 3-dimensional 
plot, one the four axes would have to be omitted, the problem 
to decide the variable under study could not be 
left out, thus ng out either the 
state or one of the 
In the event, the writer has some plots using both the above 
alternatives. The actual was done by writing a FORTRAN 
routine to extract the relevant data from the NOSTRUM output file and 
rewrite it into a form table for use the general "SACLANT 
GRAPHICS PACKAGE" which on U.C.T. 
package has been ly for contour and three 
dimensional perspective over an x-y grid. 
AS it was anticipated that the be extensive finite 
element modelling NOSTRUM routine was 
in a fairly way, al any of seven variables to 
be plotted for the whole section at each of (= load) 
for the whole range of times. 
The results for model DIA are 5.11 to 5.18. 
for figures 5.15 and 5.16 which are both of the 
max tensile stresses, each a different 
plotted over the area of the concrete of the model 
for each of five different loading s 
The explanation of the layout of all of the 5.11 to 5.18 
in f 5.9. The plots are both as contour and as 
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perspective plots because the latter tend to be easier to interpret 
whilst the former give the actual values of the variable under 
consideration. In the case of principal stresses, neither of these 
types of plots gives any idea of direction. Therefore the maximum 
principal stress plots have been included as well. 
The most significant observation that can be made as a result of this 
analysis is of the way in which the concrete progressively fails in 
the zone adjacent to the reinforcing bar. This is shown very clearly 
in the perspective plots in figure 5.16, where as the loading 
increases, the stresses are reduced to almost zero in this zone. 
Alternatively the zone of maximum stress may be visualized as a wave 
travelling along the bar as the strain increases. The principal 
stress vector plots show clearly how the principal stress directions 
may be expected to change as the loading increases. 
Figure 5.14, showing the t-t (or hoop) stress distribution shows how 
the model was starting to exhibit a zone of hoop tension adjacent to 
the primary crack. This tension all but disappears in the last step 
before breakdown of the analysis (time = 22), but it is unclear why 
this should happen. The peak value of hoop tension of 0,62 MPa 
actually occurs at t = la, and then tails off. Why this happens is 
unclear as this stress does not appear great enough to cause failure 
in this direction. The writer thinks that the problem is related to 
the fact that the damage parameter in this material model is a scalar 
value. Later discussion on the analyses carried out with ABAQUS will 
show that it is reasonable to believe that, after the concrete 
surrounding the bar has cracked in tension, load continues to be 
transferred to the concrete by a truss action, where the outer 
reaction is provided by hoop tension. Thus after the row of elements 
adjacent to the bar have cracked in tension, they might be expected to 
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VERY LOW LOADS 	 AFTER INITIAL CRACKING 
Figure 5.10: 	 Strut and hoop tension theory for bond after initial 
tensile cracking. 
Examination of the plots of various stresses does not show any such 
reversal of stress in the elements adjacent to the bar. The principal 
stress vector plots show that compressive forces do exist, and in the 
right directions to satisfy the truss hypothesis. These stresses 
however, are associated with the curvature of the trajectories of the 
primary tensile stresses and disappear with the primary tensile 
stresses as the concrete becomes progressively more damaged. 
Thus, although Resende (1985)(a)) indicates that reversals of stress 
are possible with his damage mechanics model this has not occurred in 
this case. Resende's examples are limited to hydrostatic and uniaxial 
stress loadings and perhaps the more complex interplay of stresses in 
this case is the cause of the problem. 
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Figure 5.13 °rz 
Model DIA : Plots of shear stress z 
a t varying load increments r 
Figure ."1.14 
Model DIA : Plots of hoop stress at 
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Model DIA : Pr-incipal str-ess vector­
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Model DIA : Plots of maximum 
pr-incipal tensile str-ess at varying ~c 
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Figure 5.17 
Model D1A : Plots of mlnlmum 












I , / 
<> 
(b'\ 










Time step 15 
Ave. strain = 





Time step 22 










Model DIA : Plots of concrete 
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Figure 5.19 
Model D2A : Principal stress vector 
plots at varying load increments 
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Model D2A : Plots of maximum 
principal tensile s tress at varying 
load increments 
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Figure 5.22 (left & above) 
Model D3A : Plots of maximum 
principal tensile stress at varying 
load increments 
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Figure 5.21 (far left) 
Model D3A : Principal stress vector 
plots for varying load increments 
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5.2.2 D2A 	 and D3A 
As shown in figure 5.9, models 02A and D3A were derived by extending 
the distance between primary cracks to 120 mm and 160 mm respectively. 
Figures 5.19 to 5.22 show their behaviour in terms of the 
distributions of principal tensile stresses at various loading stages. 
In these models the time steps represent identical displacement 
increments to those which were applied to model OlA. Since the models 
are longer these represent respectively smaller increments of average 
strain applied to the models which, it was hoped, would lead to the 
analyses going further before becoming numerically unstable. This was 
not the case. Model D2A progressed a total of 17 steps representing 
an average strain of 142 microstrain, 'compared to the 275 microstrain 
achieved by model DIA. Model D3A progressed some 28 time steps, or 
175 microstrain, before it became numerically unstable. The analysis 
paths (strain vs time increment) are shown in figure 5.23. 
These two models were behaving in a manner very similar to that 
observed in model OlA. The only results presented therefore are plots 
of the principal stresses at various time increments. These are 
presented vectorially, as well as by contour and 3-dimensional 
representations for the same reasons described earlier. 
5.2.3 Comparison of the three analyses 
Interesting points to note when comparing the analyses are: 
(i) 	 While the strains in the concrete are all still elastic 
(average strain less than 30 microstrain for model 
D3A) the stress distribution at the plane of symmetry 
midway, between the primary cracks, tends towards 
uniformity with increasing distance between cracks. 
This, it will be remembered, was one of the assumptions 
on which the empirical theories are based. 
(ii) 	 As the strains increase, however, the stress dis­
tribution at the plane of symmetry becomes less and 
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crack spacing the distribution remains more uniform 
than in the other. 
(iii) 	 In model DIA no tension at all is built up on the 
surface of the concrete between the cracks. In fact, 
examination of figure 5.11 will show that the 
longitudinal stress becomes negative. 
(iv) 	 Although the increments in average strain get 
progressively smaller from models DIA through to D3A 
(since the same displacement increments are applied at 
each "time" step) the size of stresses in the "corner" 
of concrete bounded by the primary crack and the bar do 
not reduce in proportion. (The "corner" consists of 
elements 2:1, 2:2, 2:5 and 2:6 for all of the NOSTRUM 
models - see figure 5.9). This may be seen quite 
clearly by comparing figures 5.16(a) and 5.22(a). The 
variable in both cases is principal stress, plotted to 
the same scale. Instead of being half of the size of 
those in model DIA, those in D3A are only in the ratio 
of 2,2/2,4 times as small. The explanation for this 
phenomenon appears to lie in the tremendous 
concentration of stress that occurs towards the 
"corners" of concrete at the primary cracks. 
(v) 	 Comparison of figures 5.16, 5.20 and 5.22 shows that, 
in line with the observation on stresses made in (iv) 
above, the progression of internal, or secondary, 
cracking is more closely related to the total extension 
between primary cracks than to the average strain. 
(vi) 	 Although it seemed with model DIA that the analysis had 
become numerically unstable because the concrete had 
effectively sheared off the bar, this was not the case 
with models D2A or D3A. Examination of the crest of 
the principal stress "wave" shows that at the time that 
the analyses ended the "wave" had not yet reached the 
plane of symmetry midway between the cracks. In other 
words there was still potential for an increased amount 
------ -----
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of total force to be transferred to the concrete. 
(vii) 	 From (vi) above we may conclude that there is another 
reason for the numerical instability which caused 
premature termination of the analyses. 
5.2.4. Model D4A (S = 240 mm, otherwise as for DIA etc.) 
The case where the distance between cracks equals 240 mm was also 
analysed in an attempt to investigate the formation of new 
intermediate primary cracks. As with models D2A & D3A, the 
displacement increment applied to the plane of symmetry was kept 
constant, and thus the increments of average strain were reduced 
compared to the previous models. The analysis path of this model 
(strain vs time step) is shown in figure 5.23. As may be seen, 
despite the lower rate of application of strain to the member, the 
analysis proceeded less far than any of the others. No plots were 
made of the results as it was felt that the analysis had not proceeded 
for enough to make this worthwhile. An examination of the printout 
indicates that, up to when it became numerically unstable, the 
analysis was proceeding in a very similar manner to that shown by the 
earlier analyses. 
5.3 ATTEMPTS TO REFINE NOSTRUM MODELS 
. 
As has been observed in the previous section, the analyses that were 
carried out using NOSTRUM were a little rough and ready in that 
(i) the mesh was rather coarse, 
and (ii) the equilibrium convergence criterion was removed. 
It was also pointed out that the models became numerically unstable 
at fairly low load levels. In the best case the average strain of 275 
microstrain for model DIA corresponds to an average steel stress of 
only 56,7 MPa (taking Esteel = 206 GPa). Since this level of stress 
is way below that which is usual in either conventional structural 
members, or even water retaining structures, the writer sought ways of 
enabling the analyses to proceed further. Amongst the ways 
investigated were: 
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(i) 	 the amount of at the 
of at each load increment. 
(ii) reducing the element size. 
(iii ) al a fa 1 tolerance on the 1 
convergence cri 
Init , the writer to improve the performance of model D4A by 
amount of di ed at a 
step. The analysis paths are shown 5.24. where 
it can be seen that resulted on how far 
the analysis I although at a cost in the number 
of load 
The NOSTRUM has a facility for saving state of the model 
as the s and then! the runs 
numerial trouble, the last saved state for a restart 
In order to use this the had to the 
ibdum convergence cd so as to have a way of stopping the 
analysis from too far and up the last saved 
state of the model of was what 
occurred with model D4A, where as a result, the runs with altered 
had to be started the each time. 
The convergence tedon 
deck a value of 1% for a of model DIA. (1% was the 
value of the achieved without 
ions.) In addition the displacement increments were 
in 5.24. shows that was to no 
analysis terminated due to lack of convergence at a lower than 
before. at the last saved state of the model a 
that had been reduced, the same result 
was found. The restart not even pass the level 
with the rate. 
was decided to to the by 
decreasing the increment whether reducing the 
element size would have any effect. Model DIB was 
in the 
~~ ,Numer-i~ally u~stable­
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Figure 5.24: Analysis paths of "r-efined" NOSTRUM Models 
III 
with the element dimensions half of those for DIA. In other words, 
the model had four times as many elements as before. As shown in 
figure 5.24, this too was of no help and in fact, the contrary was 
found. Subsequently reducing the applied displacement increment after 
restarting again had no beneficial effect. 
The third method proposed initially increasing the equilibrium 
tolerance - was not tried since the model generally reached the 1% 
tolerance requirement in the first iteration right up to the point at 
which it became unstable. Here, when further iterations were tried 
the solution actually became worse. Thus the writer concluded that 
the problem was a convergence one, and not a tolerance one. Since, 
there was no immediately apparent reason for this convergence problem 
and since the ABAQUS concrete model was available for use by that 
stage, the writer decided to abandon further modelling with NOSTRUM in 








6.1 SALIENT FEATURES OF THE ABAQUS "CONCRETE" MODEL 
The ABAQUS concrete model uses the stress surface developed by Chen 
and Chen (1975) to define the initial yield and failure values for 
concrete. Until the failure surface is reached, the theory of this 
model is a hardening plasticity theory, but the yield surface is 
specifically defined to simulate some of the salient features of 
concrete, particularly the difference in response under compressive 
and tensile stresses. 
The ductility of the material is completely defined in terms of this 
theory by giving the stress-strain curve in a uniaxial compression 
test. The theory is then extended to the tensile region and 
multiaxial stress space by defining yield and failure surfaces in 
stress space, where each surface consists of two parts, namely a 
parabolic surface that is primarily located in the triaxial 
compression region and a hyperbolic surface in the remaining region 
(see figure 6.1). 
The ABAQUS model is thus calibrated in several parts, namely uniaxial 
compression, biaxial (and by extension, triaxial) compression, 
uniaxial tension, and lastly biaxial (and triaxial) tension. 
Each of the uniaxial curves may be defined in considerable detail as 
will be described in section 6.2. 
6.1.1 Crack modelling ~ ABAQUS. 
If the hyperbolic portion of the failure surface is reached (i.e. for 
stress combinations other than triaxial compression), the material is 
assumed to crack in a plane that is orthogonal to the largest 
principal strain. In the Chen and Chen model the concrete would 
immediately lose all of its strength in the direction of the crack. 
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- ABAQUS Conct"ete Model. 
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This has been modified in the ABAQUS model and the user is given the 
option of specifying the downwards portion of the tensile 
stress-strain curve, as well as the amount of shear that may still be 
carried across a tension crack. Should a crack close during subsequent 
loading the material will recover its stiffness, although the original 
direction of the crack is recorded so that it can reopen. This 
cognizance taken by the model of the direction of cracking is a 
notable difference from the behaviour of the NOSTRUM damage model, 
which became damaged in all directions simultaneously by virtue of 
the scalar damage parameter used by the model. 
The directions of "cracks" that have formed, are given by the ABAQUS 
programme as part of its output. These are smeared cracks rather than 
discrete cracks. In some smeared crack models for concrete, whole 
elements are allowed to crack at a time. An example is the model 
developed by Bazant and Cedolin (1979, 1980). This type of model 
however, has the problem that results obtained using it can be 
influenced by the size of finite elements used, unless fracturing is 
controlled by a suitable, non-linear, energy based formulation. A 
"crack" recorded by ABAQUS, reflects only the fact that the stress at 
~ particular gauss integration point has reached the failure surface 
of the concrete model. 
Because there is no "crack front", as there is in the discrete crack 
or crack band types of model, which would be sensitive to changes in 
element size, the ABAQUS model appears as if it should be independent 
of this variable. 
As will be seen later in the discussion of results obtained with the 
model, the writer did find some problems which appear to be linked to 
the post-fracture behaviour of the model. The ability of the model to 
correctly model size effect in the member being analysed is also 
questioned. Otherwise, being the best available, apart from the 
NOSTRUM damage model to which it will be compared, it was hoped that 
the model would incorporate sufficient parameters that would ensure 
that, even if exactly correct numerical values were not obtained from 
its use, at least it should be able to give a fairly realistic 
indication of the mechanisms by which bond failure and cracking occur 
in reinforced concrete. 
-- ----
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6.2 	MATCHING THE CALIBRATION OF THE ABAQUS CONCRETE MODEL TO THE 
NOSTRUM DAMAGE MODEL (CALIBRATED FOR 30 MPa "KUPFER" CONCRETE) 
6.2.1 General 
In order to compare results obtained from different programs, these 
must obviously be fed with the same information to be used in the 
calculations. This is especially so in cases such as the present one 
where it was hoped that comparison of the response of the two models 
would provide some check of their numerical reliability. 
The problem is not as simple as it may at first seem since the two 
programmes use rather different ways of inputting the base information 
about the concrete and then interpolate between the given points in 
different ways. In addition the two models use different algorithms 
to determine yield and failure surfaces and to calculate the values of 
inelastic stress. Nevertheless it was decided that the target 
calibration for the ABAQUS model would be to simUlate the three test 
curves obtained with the damage model by analysing single element 
models in uniaxial tension and compression, and biaxial tension. The 
inelastic, biaxial compression response of the model is not important 
since, in the analyses to be carried out, the concrete is unlikely to 
ever reach stresses that go beyond the elastic limit in compression. 
6.2.2 Uniaxial compressive stress response 
This part of the model response is calibrated in two parts - the 
elastic region and the plastic region. 
In the elastic region the stress is defined by giving the elastic 
properties of Young's modulus, E, and Poisson's ratio v. Since, in 
the Damage model the parameters used to define the initial elastic 
concrete properties are the initial shear modulus, Go' and the initial 
bulk modulus, Ko' we need to calculate the corresponding values of Eo 
and v. 
We use the following well established relationships: 
E 
o ••. (6.1)
2(1 + v) 
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E = o ... (6.2) 
3 (1 - 2v) 
Rearranging, we get: 
= 3 1 2v 
... (6.3)2 1 + v 
But for our case we can substitute the values used in the damage 
model, Go = 13 790 MPa 
& Ko = 16 457 MPa 
Solving, we get: v = 0,1725 
and, by back substitution Eo 32 338 MPa 
outside of the elastic region the stress-strain relationship is 
defined by giving the uniaxial compressive stress as a function of 
uniaxial compressive plastic strain. This is done by giving the 
stress and plastic strain values of (a) the point of first yield, (b) 
the point of maximum compressive stress, and (c) any other 
intermediate points to be defined or any points on the curve beyond 
the peak stress and into the strain softening range. For the analyses 
carried out as part of this thesis the points specified were those 
plotted in figure (6.2) and superimposed on the stress-strain curve 
obtained from the damage model. The curve may be continued into the 
strain softening region, but since the writer's analyses would not be 
reaching compressive stresses of this magnitude, no points on the 
stress-strain curve beyond the peak (or failure) point were specified. 
The calibration was tested by analysing a single element loaded under 
uniaxial compression. The resulting curve is plotted in figure 6.2. 
6.2.3 Multiaxial compressive stress response 
Having already defined the yield and maximum compressive stress points 
for uniaxial stress, these are extended to multiaxial stress space by 
defining ratios of biaxial stress/uniaxial stress and biaxial/uniaxial 
plastic strain at failure. The programme then fits a parabolic curve 
through the points defined in this way (See Figure 6.2). Extending 
this to three dimensions, we have a parabolic failure surface in 
three-dimensionalstress space. Although the ABAQUS user manual is not 




















ABAQUS "Concrete" Model 
above are also used to define the surface of initial yield in 
multiaxial stress space, with respect to the uniaxial yield points 
already given. 
t 
"""",~--NOSTRUM Damage Model 
o 	 1000 2000 3000 4000 5000 
UNIAXIAL COMPRESSIVE STRAIN (X 10-6 ) .. 
Figure 6.2: uniaxial compressive stress response of the ABAQ~S 
concrete model, compared to that of the NOSTRUM damage 
mechanics model. 
6.2.4 Tensile stress response 
The ABAQUS program requires, as input for the definition of the 
tensile response of the concrete model, the ultimate stress and strain 
under uniaxial tensile stress (see figure 6.1), defined as ratios of 
the corresponding ultimate stress and strain in uniaxial compression. 
The programme then assumes the same ratios apply for the determination 
of the tensile yield point with respect to the compression yield 
point. The values specified in this way are plotted on figure 6.3, 
superimposed on a plot of the damage model's uniaxial tensile 
response. A uniaxial tensile test done on a single element with 
ABAQUS gave the curve shown in the figure. 
The model then allows completely independent specificatiion of what 
the authors call the "tension-stiffening" response. The writer, as 
4 
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already discussed for the calibration of the damage mechanics model, 
incorporated the decreasing portion of the stress-strain curve to 
allow for the known strain-softening property of concrete in tension. 
In the absence of any other data the model was calibrated to have the 
same strain softening curve as was used in the analyses using the 
damage model. 
The response of the model to biaxial tensile or compression/tension 
stress states is defined by fitting a hyperbola through the uniaxial 
compression and tension failure points as shown in figure 6.1. This 
is extended to multiaxial stress space as a hyperbolic surface. 
A problem noted by the writer with this method of determining the 
failure surface is that the user does not have direct control over the 
ratio between the uniaxial tensile failure stress and the biaxial 
tensile failure stress. A single element model was therefore analysed 
in biaxial tension to check the response of the model. The results of 
this analysis are presented in figure 6.3, superimposed on the biaxial 
response curve for the damage model. As may be seen the agreement is 
good until after the peak (failure) stress has been reached, when the 
ABAQUS model does not exhibit the expected strain softening, but 
rather, becomes perfectly plastic before the analysis breaks down. 
Close scrutiny of the analysis output indicated that there appeared to 
be a problem with the algorithm which determined the direction of 
cracking for the model. This however only appeared to be a problem 
when the concrete should crack simultaneously in two directions and, 
as this case was not expected to arise in the analyses to be carried 
out, the problem was accepted as being unimportant. 
6.2.5 Shear retention 
The ABAQUS concrete model has an option that enables the user to 
define how quickly the concrete will lose its ability to transfer 
shear across a crack. In the first analyses the writer was under the 
false impression that the default value of the shear retention was 
that it would reduce according to the same curve prescribed for 
"tension stiffening". 
It was not expected that there would be cause for much shear transfer 
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aCLoss concLete that had alLeady cLacked in tension. This was as a 
Lesult of the Lesults alLeady achieved using NOSTRUM wheLe examination 
of the pLincipal stLess vectoL plots showed that the vectoLs did not 
change diLection significantly afteL the concLete had passed its peak 
tensile stLess (i.e. cLacked). 
When the wLiteL did include the sheaL Letention option in the concLete 
mateLial model, the gLadual decline in sheaL stiffness was specified 
to take place paLallel to that of tensile stiffness. This was not an 
attempt to model sheaL Letention due to aggLegate inteLlock but 
LatheL, simply an added dimension to the tensile stLain softening 
CULve alLeady included. It was felt by the wLiteL that this would be 
a good staLting point, and that the inclusion of a mOLe Lealistic 
modelling of aggLegate inteLlock would only be necessary if it weLe 
subsequently shown that a significant amount of sheaL took place 
paLallel to existing cLacks. 
6.3 CONSIDERATION OF FEATURES OF THE PROGRAMME 
6.3.1 Optimisation of the equilibLium toleLance cLiteLion 
As with NOSTRUM, ABAQUS LequiLes the useL to specify an equilibLium 
toleLance used by the programme to decide whether to continue 
iterating to a moLe accuLate solution or continue to the next 
increment of load. 
Obviously, the less demanding this tolerance is the quicker the 
solution will converge to within its limits, but, on the other hand, 
the solution will simultaneously become more unreliable. The first 
task then is to strike a happy medium between these two 
considerations. 
In contrast with NOSTRUM which requires the force tolerance to be 
given as a percentage of the current levels of force in the model, 
ABAQUS requires the input of an absolute value of force, "PTOL", for 
use as the measure of tolerance. This clearly could be quite 
disadvantageous in the type of model to be studied here, where very 
great fluctuations in forces are expected (a) at different loading 
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stages and (b) at various positions through the model. 
The user's manual suggests that the force tolerance be set at a small 
fraction (~l%) of the typical actual force values. The problem is to 
determine what force value may be considered typical. 
Since the aspect of the results which is of most interest is the 
formation of cracks, the writer decided to use a typical cracking 
stress of 3 MPa as the value from which to calculate a corresponding 
typical actual force value. 
Considering the first node away from the reinforcing bar in model AlB, 
the typical (longitudinal) cracking carried by this node is 
approximated by: 
2 
Fnode = (r 2 •.. (6.4) 
where r I' r 2 = the radii of the midpoints of the inner and outer 
adjacent elements respectively. 
= the stress in the elements 
-3Substituting F = (0.01752 - O,01252 ).n.3 1,41 x 10 MN 
The first analysis of model AlB was carried out using PTOL = 3.10-6 MN 
which corresponds to about 0,2% of the typical nodal cracking force 
calculated above. Figure 6.4 shows a plot of the analysis path of 
this model showing that, with this tolerance, the analysis proceeded 
slightly further than the best achieved using NOSTRUM. The maximum 
value of the average stress in the bar was still only approximately 
70MPa however, and thus the writer decided to try using coarser 
equilibrium tolerances in an attempt to get the analysis to proceed 
further. 
Since the programme's automatic incrementation scheme found that the 
initially chosen starting increment was too small, this was increased 
so as not to waste computing time stepping slowly through the fairly 
linear part of the analysis. It was also felt that minimising the 
number of steps in the early stages would help to minimise any 
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A total of five analyses were done with various equilibrium 
tolerances. The various analysis paths are also plotted on figure 6.4 
and show that it is only when the tolerance reaches approximately 10% 
of the value calculated above that the analysis proceeds to any 
reasonable level of average stress and strain in the steel. It is 
also immediately noticeable that the analyses consistently slow down 
(i.e. use smaller increments) at the same level of applied strain. 
This phenomenon is investigated later. 
6.3.2 Consideratiion of incrementation schemes 
The most important aspect of analysing for material non-linearity lies 
in the fact that the behaviour of most materials is history dependent 
i.e. the solution cannot be sought directly but must be obtained by 
following the actual sequence of loading on the structure. 
since we can do no better than follow the actual loading sequence in 
a stepwise manner, it follows that the choice of the size of the steps 
can become critical to the success or otherwise of the analysis. 
NOSTRUM requires that the user define the size of step directly. Any 
subsequent change required in step size must be made by way of a 
restart analysis which is rather limiting in terms of analysis 
flexibility and efficiency as well as being laborious. 
The programme ABAQUS offers the user three different ways of 
determining the size of the increment of load or imposed displacement 
to be applied to the model. 
(i) Direct method: 
With this alternative the user has full control over 
the size of the load or displacement increments to be 
applied. The major drawbacks of this method are that: 
(a) the user needs to have considerable experience of 
the size of increment necessary for efficient running 
of the problem. 
(b) the increment size may not easily be changed 
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halfway through an analysis should this become 
necessary. 
(ii) Newton's method: 
This method is used by the programme to decide 
automatically the size that the incrementation step 
should have. The size of increment is continually 
reviewed and altered, based on the number of iterations 
required to reach equilibrium at the current and 
preceding two increments. 
(iii) The modified Riks method 
This method is proposed for use when the maximum load 
magnitudes are considered to be a part of the solution. 
The method obtains equilibrium by controlling the path 
length along the load-displacement curve within each 
increment. 
6.3.2.1 	Comparison of the modified Riks and Newton methods of 
incrementation 
In an attempt to get the analysis to proceed further, i.e. to higher 
steel stresses, it was decided to try using the modified Riks method 
of incrementaton. 
The preliminary test using the Riks method was encouraging. Here the 
analysis proceeded marginally further than an equivalent analysis 
using the Newton method of incrementation. 
It was hoped that, because of the nature of the incrementation scheme, 
i.e. limiting the increments along the load-displacement curve, the 
size of the imposed displacement increments might be reduced timeously 
in a curvilinear fashion, rather than in an abrupt manner after the 
model has already got into numerical trouble, as occurs with the 
Newton method. 
Using force tolerance of 1,5 x 10-4 MN (about 10% of typical cracking 
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force for an element) analyses were run using both incrementation 
schemes for a 20 mm bar, 40 mm cover, and distance between cracks of 
90, 160, and 320 mm respectively. The analysis paths are plotted on 
figure 6.5 for comparison. It should be noted that the Riks analyses 
did not include the shear retention parameter which is included in two 
of the other three analyses. As has already been discussed in section 
6.1.6, however, this parameter is not thought to have very much 
influence on how far the analysis proceeds. 
Figure 6.5 shows that, for S = 80 mm there is a considerable gain to 
be had by using Newton's incrementation scheme, while for the S = 
160mm and 320 mm respectively, the loss or gain in advantage to be had 
by using the Newton method over the modified Riks method is marginal. 
6.4 DETAILS OF ABAQUS MODELS 
6.4.1 Dimensions and discretization 
The structural details of all of the models are as described in 
section 4.5 of chapter 4, and listed in table 4.1. The discretization 
is always into 4-noded elements with the dimension of each side being 
0,005 m (5mm). The actual node and element numbering is not constant 
from model to model as was the case for the NOSTRUM analyses. This is 
because changes were made to parameters which precluded this; e.g. the 
diameter of the reinforcing bar. (The centre of an axisymmetric 
analysis must have its r-coordinate equal to zero. ) 
Accordingly in the description of the various areas of the model 
descriptive terms will be used and reference will be made to figure 
6.6 which shows the typical layout of the various elements described. 
6.4.2 Grouping of models into series 
As may be noted in table 4.1, where the only parameter changed between 
models is the length between cracks, these models all have the same 
third character in their labels (see also Appendix A). In describing 
the behaviour of these models as a group, the writer finds it 
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character in the name of each model. For example: "series B" consists 
of models AlB, A3B, and A5B. 
6.4.3 Presentation of results from ABAQUS analyses 
ABAQUS has the built in capacity to present results in the following 
ways: 
( i ) by printout 
( i i) graphically as (a) contour plots of any stress or 
strain 
(b) displaced shape plots 
(c) variable vs time plots 
(d) variable vs variable plots 
(iii) to an output file for post-processing by the user 
The same comment mentioned in the discussion of the presentaion of the 
NOSTRUM results applies to the presentation of the ABAQUS results. 
The printed out results for ABAQUS are even more voluminous than those 
of NOSTRUM and therefore it is quite impossible to print out all of 
the results. 
e.g. printout for 1 element (4 noded) ~ 2/3 page/step 
Model AlB has 80 elements ~ 53 pages/step 
for a typical analysis ± 25 steps => 1325 pages! 
For the larger models the potential printout volume would be up 4 
times this amount (e.g. model A5B). This is clearly quite an 
unmanageable amount of paper, let alone a potentially very costly 
exercise. The practical solution obviously was that the writer had to 
limit the amount of printout produced by only printing results for 
selected areas of the models and also only at selected time intervals. 
The first area concentrated on is the interface between the steel and 
the concrete, especially what the writer calls the "corner" of 
concrete, where (in the 2D presentation) the corner referred to is 
formed by the intersection of the reinforcing bar and the primary 
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In some of the smaller models the results the whole zone 
of the were out. This enabled the 
to trace the of secondary or internal cracks 
interface zone as the increased. 
The second area concentrated on was the row ements adjacent to 
the of between cracks there, the 
was looking for the 
, although of course, one might have formed in some position away 
this of due to ions wi 
model itself due to the coarse used. 
Unfortunately, does not have a It in 
stress vectors. These are an extremely way of representing the 
state of stress a 2-D model as show not only , but 
direction as well. The wri ter has tten a routine which extracts 
data from the output file and it in a form 
for NOSTRUM has an for 
plotting stress vectors into it. This was 
only written to handle results from and, 
would be a to upgrade to handle incremental 
the writer did not have time to do 
of the presentation features that ABAQUS has bui , the 
most useful writer's view to be the 
contouring Unfortunately contour plots of 




of the stresses. A full of the 
state of stress in the whole model at any load step res 
the of a contour plot each of the stresses at 
that load I and this becomes almost uninterpretable. These plots 
are only in the document order to make 
of ABAQUS's incrementation schemes that 
the user has no control of the amount or time of or graphs 
produced as these are produced at load increment numbers and not 
A 
at levels. In ems I if 
the output interval was set too I there would be a lack of data 
of the anlysis when werethe 
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large, and too much as soon as the increments become very small. 
With these in mind t the writer transferred all of the 
from the onto 1'Y'I:::.t"'{nc,ric is the most way 
of all of analyses I 
selected areas and variables in more 
it. The was that 
by 
post e.g. stress vectors or 
of perspective of stresses I such as those produced for 
the NOSTRUM In the end, there has time to 
do this The will argue however, that not too 
much more would have been gleaned from it than has been 
by careful the I ted results. 
Because of their extreme bulk I those 1 results were 
out for the various models analysed be included in 
document. A of printout is in Appendix C shows the 
manner of presentation of stress results for each gauss integration 
at each load increment. A sample data deck is given 
D which 1 to the 
, and from the point of schemes, 
graphical and A detailed 
description the meaning of the data deck may be obtained from the 
user's manual et al (1984). 
For the rest the results of the g in document will 
be confined to that which has been extracted from the 
printouts and presented in the form of which are 
in the text. 
The cracks strains at forml have been 
investigated this data has extracted. It is 
in 6.6 for AlB and the as 
part of the extraction are presented x F. 
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6.5 DISCUSSION OF ANALYSES USING ABAQUS 
6.5.1 	General 
The analyses carried out have been listed in table 4.1. The range of 
different analyses were selected in order to investigate the effect 
on crack widths of changing various parameters. 
As was shown in chapters 2 and 3, the various parameters included in 
the formulae are only claimed to have an influence on crack width 
indirectly, by virtue of their apparent influence on crack spacing. 
This is because of the universally made assumptions that crack width 
is proportional to crack spacing and that a stabilized crack pattern 
exists. 
Thus, besides being intended to test the proportionality between crack 
width and crack spacing, the length of the finite element models was 
altered to try to study the possible mechanisms involved in the 
formation of new primary cracks and the development of the 
"stabilized" crack pattern. The other two parameters varied, the bar 
size and the amount of cover to the bar have both been proposed in the 
literature as having an influence on the average crack spacing 
achieved in a stabilised pattern. Various theories have been 
postulated to explain these relationships, and the series of analyses 
are intended to test these theories as much as the relationships 
themselves. 
Presentation of the results will not be by model but, rather, by 
series of models, with discussion of what it was hoped the series 
would check. 
First of all however we will consider, in general terms, the validity 
of models and the mechanisms controlling the interactive behaviour of 
steel and concrete which they have brought to light. 
6.5.2 	Investigation of reasons for numerical problems in analytical 
models. 
It has already been observed that the analyses do not proceed to a 
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very high average or stress slowing down and, 
due to some of • (The 
due to the programme than the 
minimum fied.) of what have caused the 
numerical instabil which seem to 
be in the (Le. 
zes.) These are:­
(i) 
(ii ) Secondary is along the whole 
steel-concrete interface, 
and (i a new crack to form at the of 
the model. 
Phenomena (ii) and i) above are self explanatory whilst the third, 
(usually called in the 
Ii terature), is later 6.6 on of 
the finite element models. 
Consideration figures 0.1 to 0.6 in Appendix 0 which are of 
the on to the of f of 
these occurrences has been plotted, shows clearly those 
where the down of the appears to be 
with one or other of the above. It cannot, however, be stated 
that of those 
factor in the extent to which the 
For all of the "B" models the cause of the first numerical 
the programme appear almost to be 
"L" models behave • Two of the 
of the on the other hand, seem 
without doubt to slow down and come to a halt as a direct result of 
the formation of new cracks. In the two shorter series "C" 
models, the of not obviously related to 
the whilst, the 
not occur at all. 
For the remaining first numerical instabilities appear to 
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occur as a result of a combination of the of the occurrence 
tertiary and the fact that occurs over the 
entire steel-concrete interface zone. 
Some of the models appear to recover after going 
through these of their and the 
levels, where slow down again and 
because the red increment become smaller than the 
set the • (On two , AIC & AIL, the analyses 
1 the up to 1000 - was 
completed.) 
The only which the writer can propose for this 
is that, s tho~e models whose terminated at very low 
were all the models, this was 
to some inability of the concrete model to form new 
cracks. further in the next 
6.5.3 _______ _o_f _t_h_e ~-'-...:--'-...:-~~.....;;......_..........;;.. response of the models. 

One of the things the writer has out about the 
is that the greater their the lower the value of 
at which the became unstable. 
It was that one way of the reasons for 
was to the overall load-displacement response 
of models. 
E.l in Appendix E shows of for 
the B" models. In order that the curves may be 
each other, these have been "normalized" by dividing the 
the length of the member concerned. In other words, the load has 
been plotted against average in the members. 
obvious in the fact that three curves 
to 
to 
have completely di - even in the very low load stages 
when the behaviour elastic. The for this 
phenomenon becomes when one considers the 
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In general, the axial stiffness, K, of any member is given by:­
K = F/a 
where F force in the member due to displacement, a 
a = axial displacement 
In this case, as has been noted above, it is more expedient to 
consider the force required to cause unit strain. We will call this 
K I. 
Thus K' = F/~ = (a.A)/~ = E.A. 
where the symbols have their usual meanings. 
For a 20 mm reinforcing bar; 
K' (steel) = E.A = 206*103 *(0,01 2 .n) 64 MN/unit strain. 
= 64 kN/IOOO microstrain 
If the bar has 40 mm of cover all round it with a E value (as in the 
analyses) of 32 338 MPa 
K' (whole prism) 	= 64 + [32 338.(0,05-0,01 ) ] kN/IOOO microstrain 
= 307,8 kN/IOOO microstrain. 
Both of these lines are plotted on figure E.l. It IS immediately 
apparent that they form the upper and lower bounds of the stiffness of 
the reinforced prism represented by the series B models. 
An initial response might be to expect the load-strain curves of each 
of the series B models to have the same slope since they all 
theoretically have the same K' value (=EA) which is independent of 
length. One would then expect, as internal damage progresses, that the 
load-strain curves would be non-linear, as indeed they are. The reason 
for the initial difference in slope must be because, assuming perfect 
bond, the whole area of concrete is not immediately effective at the 
ends of the member (or adjacent to a discontinuity such as a primary 
crack). Thus the upper bound of the member stiffness only applies to 
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very members where the subtraction due to this end effect 
minimal. 
The lower bound of member now takes on a ne,v meaning. Where 
before was the of a section of on 
own, now it the lower bound of of a 
concrete member where the cracks tends to 
zero. Thus, as new primary cracks form in members t we could 
expect to see an abrupt in in the 
di of the lower bound of stiffness. 
In finite element models here does not occur, nor 
does there seem to be any that about to occur t up 
until time when ,the models become unstable. Model A3B show a 
in the direction, but then kinks back in the wrong 
writer to dismiss as and 
due to a 
Also onto the curves are the points at the 
models enter are:­
( i ) The load at which f occurs 
in model (always right in the "corner")t 
(ii) the at which 	 occurs, 
(iii) the load at which the whole 
zone becomes cracked, if this occurs, 

& (iv) the if t at which a new 
 crack occurs.I 
the last three phases, it can be seen, for each of 
B, C, Et P, & L, that these tend to at the same 
load level for each of the member • This 
comparison with the shift stiffness, as postulated 
above, that would be as new cracks occur. It is 
that shift can be achieved in more than one wayt 
namely: 
(i) by of a new primary crack as suggested t 
or 	 (ii ) by loss of bond a of member 
caused longitudinal 
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since it is possible that a new primary crack could start at one of 
the secondary cracks which form near the plane of symmetry, complete 
cracking of the interface zone could herald the formation of a new 
primary crack. 
Accordingly, the writer has shown dotted the general zones of the 
load-strain curves which are bounded by the occurrences listed above, 
as these are possible zones within which sudden shifts in stiffness 
might occur. 
Obviously it would be nice if this theory could be confirmed by 
comparison with previous experimental data. Accordingly the writer 
sought experimentally obtained curves of the same nature, but to no 
avail. Several authors show typical curves such as the one presented 
by the writer in figure 5.7 but, with two exceptions found by the 
writer, these do not give any indications of scale. Of the two found, 
the first (figure 6.7) refers to lightweight concrete, so the numbers 
are inapplicable. 
Here, Leonhardt has plotted the stress in the reinforcement at a crack 
against the average strain, in members with different steel contents 
which are being cracked under direct tension. Comparing this to the 
writer's figure E.l, it may be seen that the effect of dividing by the 
area of steel is to normalise the lower bound of member stiffness 
(i.e. make it independent of steel area) and the slope of this line 
now becomes equal to the Young's modulus of steel, E. On the other 
hand, dividing by the area of steel is somewhat meaningless when 
considering the upper bound of stiffnesses. 
The second figure which gives any quantitative information on the 
shape of an experimentally obtained load strain diagram is that given 
by Rizkalla and Hwang (1984) which is reproduced in figure 6.8. 
Unfortunately, the graph of these authors is not plotted to a scale 
which enables very much useful information to be read off it. For 
instance, it would be useful to know at what strain the first crack 
occurred. From the information given on the member to which this 
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Figure 6.7: 	 Test results of stress strain curves found by axially 
loaded light-weight aggregate concrete members - reported 
by Leonhardt (1977). 
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Cross-sectional area = 84 in 2 = 54 193 	 mm 2 

2
Ast = 0,0147 	* 54 193 = 796,6 mm 
K' = EcAc + EsAs 

(assuming Ec = 30 GPa, Es = 206 GPa) 

K' 	 = 1790 MN/unit strain 

= 1,790 kN/microstrain 

Assuming a long member and no internal damage in the member before the 
first primary crack occurs, this upper bound of stiffness may be used 
to determine the lowest value of strain at which the first crack could 
have occurred which corresponds to the cracking load of 156 kN (35 
kips) . 
£ (1st crack) 	= 156/1,790 

= 87 microstrain. 

If this should be a typical value of the minimum strain at which a 
first crack could appear, we can investigate whether it ties in with 
the load-strain behaviour of the ABAQUS analyses. On figure E.l 
(series B) it can be seen that the load corresponding to this minimum 
cracking strain is very much of the order of magnitude of the general 
zone where cracking would be expected. On figure E.2 (series C) 
however, it can be seen that the corresponding load is considerably 
less than the zone of formation of new primary cracks predicted by the 
analyses. Thus, it seems that the strain at which primary cracking 
commences is also a function of the shape of the member rather than 
being simply related to some particular strain or load level. 
6.6 DISCUSSION OF CRACKING MODES EVIDENT IN THE 	 FINITE ELEMENT MODELS 
6.6.1 Modelling of the formation of new primary cracks. 
Only in three cases (models A3C, A5C and A5E) did cracking occur right 
across the concrete at the plane of symmetry. In the three cases 
where this did occur, examination of the "load-displacement" curves of 
the models (see figures E.2 and E.4) shows that the cracks did not 
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open up markedly as would occur in the real situation. Indeed, in 
each of these cases, the model broke down numerically shortly after 
the strain reached the point at which these cracks occurred. 
In the other models which did not exhibit cracking right through the 
concrete, the model got into similar numerical trouble at about the 
strain that the crack should have happened. It seems that the 
constitutive model used is inadequate for the purpose for which it was 
used here, in that it does not seem able to handle sudden large 
increases in strain when the stress condition of the concrete reaches 
the descending portion of the stress strain curve. 
6.6.2 Modelling of secondary or internal cracking 
The model does, however, appear to model the secondary, or internal 
cracking phenomenon quite well. At least it appears to remain 
numerically stable through the full range of permissible stresses and 
strains. It is thought by the writer that the significant difference 
between this cracking and the primary cracking is the restraint 
against sudden increases of strain offered by the adjacent bar. 
6.6.3 Modelling of tertiary or longitudinal cracking 
Shortly before most of the various models became numerically unstable 
a third phenomenon was observed in each case. Cracks occurred in a 
direction across the circumferential stresses in the concrete. (See 
sketch in figure 6.9). These cracks are commonly called longitudinal 
cracks in the literature as they are aligned parallel to the 
reinforcement. The writer prefers the term "tertiary crack" to 
indicate that they occur after the occurrence of the secondary or 
internal cracks. 
These cracks are acknowledged in the literature as signalling the last 
stages of bond between the reinforcing and the concrete and it is at 
this stage that the concrete begins to spall away from the 
reinforcing. 
Goto (1971) has observed that they first occur "near the bar at the 
faces of the primary cracks and then grow towards the outside of the 







Figure 6.9: Cut-away section of an axisymmetr-ic reinforced concrete 
prism stressed in tension, showing orientation of 
tertiary cracks. 
This description parallels exactly the manner of occurrence of the 
tertiary cracking in the F.E. models where the tertiary cracking 
almost invariably first occurs in the element adjacent to the primary 
crack and one element away from the surface of the reinforcing bar, 
and also progresses towards the outside of the specimen. This may be 
seen in figure 6.10 which shows the orientation of cracks and order of 
their occurrence in ABAQUS model AlB. 
It is thought by the writer that the model is again unable to handle 
the sudden large increases in strain which should occur when the 
longitudinal cracks occur as there is no controlling restraint such as 
there is for the secondary cracking phase. 
6.6.4 	Extraction and Interpretation of ABAQUS output on crack 
occurrences and crack directions. 
As may be seen in Appendix C, the ABAQUS programme, in conjunction 
with the ABAQUS concrete model, gives as part of its output for each 
gauss integration point, both; 
a) whether the concrete has cracked at that point 
and b) the direction of the crack. 
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As was discussed in the beginning of this chapter I the cracking of the 
concrete means that the tensile stress has reached the failure surface 
defining the model, and applies to each gauss point merely as sample 
points in a continuum. In other words, one cannot link up a series of 
cracked gauss points to plot the course of propagation of a discrete 
crack. 
One can however plot the directions of these samples of the smeared 
cracking of the continuum. This shows not only the directions of the 
maximum principal tensile stresses which caused the various areas to 
crack, but also the order in which the cracks occurred. Such a plot 
is given in figure 6.10, where the direction of crack is shown for 
each cracked gauss point in model AlB. Also shown is the increment 
number at which each point reached the failure envelope. In several 
cases the same point subsequently reached the failure envelope a 
second time to form a crack in a second direction. These cracks are 
shown too. 
The ABAQUS output gives the rectangular components of the directions 
normal to the actual cracks, thus if the actual cracks are to be 
conveniently plotted as shown in figure 6.10, a certain amount of 
arithmetic manipulation is necessary to obtain the polar coordinates 
of the crack vectors. Although it would be quicker to automate the 
whole process, for the single example given here, the writer extracted 
the data manually and did the transformation using a micro-computer 
and a "spread-sheet" programme. The details of the data and formulae 
used for figure 6.10 are given in Appendix F. 
In figure 6.11 the writer has plotted only the outlines of the zones 
cracked at any particular loading stage, in order to show these more 
clearly than in figure 6.10. These areas have been shaded in a dark 
to light pattern where the darker areas are those which cracked 
earlier. Definite trends appear, which, if the cracking were 
discrete, would possibly be replaced by the formation of single 
discrete cracks. Such a possible arrangement of cracks is marked up 
on figure 6.12. 
What is apparent in the three figures is that the secondary cracks are 
aligned in a direction that is very favourable for the residual 
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KEY: gauss integcation point 
~ ccack at gauss point ocientated along line 
(secondacy intecnal ccack) 
() ccack at gauss point ocientated in plane of 
papec (i.e. tectiacy oc longitudinal ccack) 
Figuce 6.10: Detail of ABAQUS Model AlB showing ocientation and 
ocdec of occuccence of ccack with incceasing load. 
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KEY: C~acking occu~s fi~st in the da~ke~ a~eas. 
The numbe~s ~ep~esent the inc~ement at which the 
c~ack was fi~st obse~ved. 













































6.12: of propagation of discrete cracks 
model AlB. 
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"teeth" of concrete to act as struts the continued transference of 
stress bar to concrete after the occurrence 
These struts would kick the ribs on the bar at the 
one end and a of hoop in the concrete at the 
other. (A sketch of strut and was g in 
5.1. ) 
It has been noted that "tertiary" occurs 
all of the models. The ter suggests that this as a 
result the hoop by of the struts left 
between cracks 
6.7 	 EVALUATION OF THE VALIDITY OF THE FINITE ELEMENT MODELS BY 
COMPARISON WITH EXPERIMENTAL MODELS 
In the of the of the 
models an point the very low level of average 
at both the and ng occur. In 
both of these cases, early would seem to imply that there 
would bea loss of bond between bar and concrete at such 
loads that f of the structures now in should have 
collapsed1 In this section these results are compared to the 
data on the 
Almost without 1 the literature covering 
concrete members reports only on the widths of cracks found 
sections with ful crack with the authors 
this data to such as cover, bar 
, concrete area, etc. 
Thus, besides the two load-strain curves already , there is 
rather a dearth of information on the actual of the crack 
, the levels of stress and at various types of 
cracks occur, and the of I against which 
the of the finite might be compared. 
stresses has been found the papers 
the following authors: Kaar and Mattock (1963), (1962), 





Kaar and Mattock the shown in figure 6.13 shows the 
steel stress some of his 
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6.13: of average crack to average
--"'--­
stress - after Kaar and Mattock (1963). 
shows that 
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starts at a steel stress of between 
8 and 28 ksi (55 to ) . The corresponding range of 
average steel strains is 266 microstrain to 728 microstrain. 
is a very wide range and does not help us too much in 
predictions. 
of members, monitored 
stress in the concrete on the and at the sides of 
at the level the He observed that "when 
took 
I during his tests on 
concrete shifted abruptly 
Fortunately he this information for 
beams (see figure 6.14) and from these it may be seen that 
the average at which cracking occurred varied between 50 
and 120 microstrain on the and 30 to 80 
on the side face at the level of the steel. 
calculated steel stresses are 10 to 19 ksi (69 to 131 
N/mm2 ) to average in the of 334 
to microstrain. Why these do not correspond 
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to the measured strains in the concrete is unclear to the writer. It 
is to be expected that after cracking there will be a drop in surface 
strain in the concrete relative to the average steel strain. These 
figures however represent the level of initial cracking and thus 
indicate the situation before cracking has occurred. The only 
explanation that the writer can think of is that the author either had 
a calibration error in his equipment or that the cracking was not the 
first to occur in the concrete. 
I BealTiI , I 
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Figure 6.14: 	 Concrete strains between two cracks - after Hognestad 
(1 962) 
Goto (1971) carried out a series of tests which consisted of examining 
cracking under conditions of pure tension in concrete prisms 
containing a concentrically placed single reinforcing bar. The 
tensile stress was induced by pulling on each end of the protruding 
reinforcement. The concrete prisms were notched at varying spacings 
between what Goto considered to be So and 2So (or 3max ) at these 
spacings. 
The concrete used in Got o 's experiments had a (cylinder ) crushing 
strength of 30 N/ mm2 and a tensile splitting strength of 2,8 N/mm 2. 
His reinforcing bars were 19 and 32 mm within square prisms of 
concrete with minimum cover to the reinforcement of 40 and 45 mm 
respectively. 
Thus the conditions of his tests, although not identical, were similar 
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to those modelled by the writer's series of finite element tests. 
Although not all of Goto's results are reported in his paper those 
that are reported, indicate the following: 
(i) 	 Primary Cracks: Goto found that these occurred at 
steel stresses of between 57 N/mm2 and 105 N/mm 2 for 
the notched positions and at stresses of 150 to 10 
N/mm2 for un-notched positions between the notched 
cracks when these were spread more than So apart. 
This last range of stresses agree well with Broms's 
(1965c) observation that primary cracking stabilises at 
an average steel stress of between 140 and 210 N/mm2. 
Translating these figures into terms of average strain 
in the reinforcing we get the primary cracks forming at 
strains of between 275 and 500 microstrain (notched) 
and 725 to 920 microstrain (un-notched). 
(ii) 	 Secondary or Internal cracking: Goto is the only 
author found by the writer to have given any indication 
of the level of stress or strain at which internal 
cracking occurs. He reports this as occurring at a 
reinforcing stress of less than 100 N/mm2 which, taking 
Es = 206 GPa, corresponds to a steel strain of 485 
microstrain. 
In contrast with these figures, the F.E. models indicate that internal 
cracking starts at strains as low as 25 to 30 microstrain for the 
longer models, and about 80 microstrain for the shorter models. As 
has been shown, except for series C and E, there are no absolute 
indications as to when the F.E. models would have formed new primary 
cracks but the indications are that these would have formed at much 
lower loadings than those found experimentally. The tertiary cracking 
indicated by the F.E. models also seems to occur at loads that are far 
too low when it is considered that, in real life, the appearance of 
these cracks usually signals the final breakdown of bond between steel 
and concrete. 
One of the of the rather sketchy type of 
given above to try to cal the F.E. models is that one is never 
quite sure exactly how data was derived. In this case a of 
particular relevance is how the nforcement stresses were measured. 
Hognestad is not c but Kaar and Mattock to 
measurements in the rei , thus direct measurement of 
the average stress and 
As has been seen in the exami of the load-strain curves of the 
F.E. models and the two s curves, we would 
to occur over a range average strains in the steel but at 
the s&~e load, until the lized crack has been achieved. 
The tion of measurement of stress or n of the reinforcement 
respect to those cracks that have formed then becomes relevant. 
In vicinity of a crack the n would be h than away from 
the nearest crack as the of the bar with its cracked 
surround will be lower than that of the bar and an uncracked surround. 
Thus, what to be a scatter of above 
could be representative of di the horizontal 
of the load-strain curve. As such loads 
at new primary order 3 those 
the F.E. models (series C and E). Even s estimate, 
however, there is considerable scope for due to in 
member "",,,--,m"t" 
The that, if a proper cal is to be made with 
data, then a special series of tests will have to be 
out. Such a series could be extremely useful, not 
of v of calibrating the macro of such as 
the ter's but could be extremely useful in 
data, a the calibration of this of model, on the 
lower order concrete behavioural parameters such as fracture 
and curves in 
further in the next chapter. 
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6.8 CONCLUSIONS ON VALIDITY OF ANALYTICAL MODELS. 
The present set of finite models have been shown to have 
several serious shortcomings. 
( i ) 




In te of 
cannot model the formation of new 
cracks or, apparently, any type of where 
be very 
seem to i 

11 start at seemingly i 
 low 
As a result of (i) above, it has not been to 
model the full response of members th a length 
the maximum crack No modelling 
has been done above the ng range where the pattern 
of cracks should stabilize. 
Presentation and of is rather 
tedious ( be 

suitable automated post-processing). 

this 
The models have not been 
data. In fact table data probably do 




these I the models do seem to give a 
of some of the in bond 
ng. These wi further in the next • The 
writer 11 also discuss the consequences of the inability to 
at h on the that were 
hoped to be made with the establ crack 
, a proposal 11 be made for a of 
experimental tests that could be useful in 
of concrete at the "micro" level. 
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CHAPTER 7 
FURTHER DISCUSSION ON MECHANISMS INVOLVED IN CRACKING WHICH IS 
CONTROLLED BY REINFORCEMENT. 
7.1 GENERAL. 
In all the papers that have been written about crack width formulae, 
much has been written about the ' relationships between various 
parameters and crack widths. 
Some of the findings of different experimenters actually contradict 
each other. Many experimenters have identified certain peculiarities 
of behaviour but left them unexplained. 
It was originally hoped that this chapter would consist of a 
comparison of the experimentally found effects of various parameters 
with the effects of these same parameters as found in the F.E. models. 
Since the analyses failed to model the full response of the singly 
reinforced tension members analysed this will not be possible. The 
reason for this is explained fully in the next section. 
In this chapter then, the writer will concentrate on some of the 
issues raised by consideration of the F.E. analyses, in regard to 
possible explanations of mechanisms involved in the behaviour of 
cracking which is controlled by reinforcement. 
7.2 CRACK WIDTH AND CRACK SPACING 
All of the experimental work to date has shown that, as the average 
strain in a reinforced member increases, the crack spacing tends 
towards a stabilised value after which no more cracks will form. 
After this stabilised stage of cracking has been achieved, the 
research has also shown that the crack size is proportional to the 
average strain in the member. Thus the equation 2.2 was derived, 
equating crack width to the stabilized spacing and the strain in the 
member. 
This equation is of overriding importance ln all the observed 
1 
relationships as it is from this base that the concentrate on 
the of relationships between crack and 
parameters and thus, only of to these 
One of the severest limitations of the current set of is that 
are not to the formation of new 
any of accuracy. Thus, in the I it to 
variables directly to crack as the 
Looking at the various formulae that relate crack 
parameters, we saw in chapter 2 that they are all 
as formulae various parameters to the crack 
and the derived value for spacing is substituted 
2.3 so the term disappears from the formulation. 
It appears from the experimental data then, that direct 
do between crack width and the various 
ex that this relationship only applies for a 
zed crack Thus, if we cannot model the of 
lized crack we end up being unable to say 
te about any of the relationships as a consequence of 
the results by the various analyses. 
What may be however, is the effect of the on 
the behaviour of models at stresses up to those at which the 
lized would occur. In this regard we have already' 
examined the effect of crack on the overall load-strain 
of the models. We observed that these curves started at 
ffnesses) on the crack and then followed 
a non-linear up to a at we would have expected sudden 
in had new cracks formed. 
surface of the primary cracks have been 
average in the members, in the same groupings 
as for the load-strain . Also on the graphs are the 
lines that would be if the crack widths were exactly 
to the crack and strain. 
In 
Le. if w s. .•• (7.1) 
the same as 2.3. 
As may be seen the this ionship 
as the 1 S, increases. Generally, for the longer models, the 
actual crack width less than the 
value if 7.1 
Examining figure G. L gives the crack width results for the 
es B , a di tuation may be seen to occur. Here, the 
actual obtained with the is h than the 
value according to equation 7.l. Examination of 
7.l. which is a contour of the longi stresses in model AlB 
(at increment 5) provides a explanation. Here it may be seen 
that the stress on the surface of the model has actual 
become , thus on the surface would be 
too. As the tensile in the bar increases, 
so this stress in the surface fibres of the 
concrete - see 7.2. 
Examination of the other of surface crack versus average 
steel strain show that in cases the crack for S = 80 mm 
very close to and, sl above the theoret line. For 
the longer models, the crack are all below the 
theoretical values except for model A3L (see G.3) where 
the crack above the theoretical 1 In 
with model AlB one notice that A3L and AlB both have 
the same cover to crack of 1/2. This could then be 
considered to be a tical above which one compressive 
stresses in the surface of the concrete, leading to 
crack exceeding theoretical value according to 
ion 7.l. If one postulated a link between surface 
compressive stresses and whether or not new cracks can form, this 
would lead to the that in both cases the models were at the 
correct stabi crack spacing for their respect cover sizes, and 










Figure 7.1: Contour plot of the longitudinal stresses in model AlB 
(at increment 5). 
PRIMARY CRACK 
+.,. ­ ten. ion 






Figure 7.2: Contour plot of the longitudinal stresses in model AlB 
(at increment 25). 
~rhis theory however f is 
models S ::: mm 
are mostly above the theoretical lines governed equation 7.1. 
Before we can consider theoretical reasons this is so, it is f 
by fact all of the 
give 
necessary to the mechanism by which the surface 
occurs. 
7.2.1 for cracks at 
The have shown that, in members of 
between cracks, the stress concentration adjacent to each 
crack more to the of 
the member than the average means that, for the 
members, one can amount of cracking 
to occur in these zones for the same amount of strain. to 
the analyses too, the (ring tension) occurs at lower 
strains for the cracks th the 
strain i as decreases. 
Thus, because the to concentrate bond stresses the 
area nearest the crack it be that greater bond 
will occur at the est cracks. Because most of the opening 
up of cracks has been shown to be due to ic (i.e. 
internal to be recoverable 
when another primary occurs. 
cannot therefore be 
As a result of these , we expect a bias of increasing 
cr-ack towar-ds those cr-acks which 
still those with 
occur the is 
have to be the 
cr-acks that occur- f of bond 
mechanisms adjacent to these cr-acks could be a reason for the 
occurrence the crack that much wider than 
anticipated. 
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7.3 SURFACE STRESS OF CONCRETE 
Almost all of the reasoning in the theory behind crack width formulae 
is based on assumptions regarding the stress in the concrete at the 
surface. 
It is postulated that surface cracks will not form until the surface 
stress reaches its ultimate value. Generally, this stress is assumed 
to occur uniformly over the section at some distance, SOl away from an 
existing crack. The various theories then concentrate on determining 
S .mIn • 
Hognestad (1962), however, has shown that the latter assumption of 
uniform stress is incorrect. In factI Hognestad found that, after the 
initial cracking had taken place the surface stresses between cracks, 
both on the side and bottom faces of beams, became compressive. 
(Plots of Hognestad's findings were given in figure 6.14). 
Hognestad is unsure as to the cause of this phenomenon and states the 
following: "To reach a fundamental scientific understanding of the 
cracking phenomenon, the writer believes that the nature of these 
compressive strains on the concrete surface must be clarified." 
Broms (1965b) also observed compressive longitudinal strains on the 
surface of his test members which occurred as soon as the first 
tensile crack occurred. He carried out elastic two dimensional 
analyses which are described in chapter 4. Although fairly primitive 
compared to the results achievable today with the finite element 
method I these analyses did show that the distribution of longitudinal 
stress is definitely not linear, at least within one cover dimension 
of the primary cracks. His results for the analysis of a member with 
primary crack faces spaced one cover dimension apart even showed the 
development of compressive stresses on the surface of the member. 
(The key features of these analyses and results are shown in figures 
4.5 and 4.6). 
Despite these earlier warnings that there was something seriously 
amiss with the assumption of uniform stress at a distance So away from 
a crack, subsequent researchers when deriving their formulae, have 
thout fail based r on just such an 
of formulae 
based on supposition. These formulae in turn the basis of 
that g the British Codes of Practice, so an error of logic 
could have 
(1970 , 1971, 1972, 1979) It up a whole 
serious consequences. From the results the 
analyses out, the writer cannot argue the actual 
in these but in the light of 
these 1 argue the "theoret " reasoning, 
theml is flawed. 
For instance, at distances away a primary crack the order of 
magnitude of one cover dimension, the longitudinal stress in the 
concrete near uniform, no matter how the bond at the 
bar-concrete is. In fact, to close to ty of 
stress in the concrete takes many times this from a primary 
crack. The 's analyses extend to S == 4c where ty is 
still not , at least up to the loading level 
Thus it appears that logic such as the "intuitive" 45° rule used by 
Beeby is wrong. 
Thus, either the experimentally observed relationships are 
, or may be If the 
former is the case it is little wonder that many deviations from the 
predicted results occur. 
some other 
stresses on 
the surface of concrete members. 
7.3.1 Consideration of the mechanism 
An explanation for behaviour may be had by considering f 
which is by (1978). The ty between s 
some of the stress vector obtained by the 

is Stoffers's 
 however, refers to 
shrinkage in a wall cast on a rigid base. this to 
that of stress transfer a bar to concrete it may be 
seen that the most notable difference is that, in the latter casel the 
stresses have to I instead of in the as 








•\I " 	 " 
.' / 
· o.g . Of' • :~ j . . IM . J7. . ;' :'L 
. . Ol)t ..t!; i " : . 1 . ),: ' .. ~ .. . .. 9 
,.l1l. . .]';2 .,J6 3 . ,<~E .,~16 .. S71 
\ 
. . n!) .,nl 
\ 501 \~ rs 1i86 \ 




. 5 1 ':" 
.,6 . l 
.,n, 
.. 8<> 





.::., ­ . 1,Of) .0.99".:1 .0.97£ .0 gst . O.9&~ .0,96' . C,9GB ~.,= 
,", or m ol S \ 'f' i~~ Cl t .... l(lpC by (Clot 
t 
.o.::n ~ . C ~:S-:. 
'" 
. 1~~ .~  ~ •. s@ o 81 C1 -c.. :.~ 
-~.. oe-r~ ~ -~ ' ,,~) .6',9 C;. • ,651 05--r°,j .660"", ,., 
~ r~ 0. :,-1;" . 1~ o L .... ,.750 
c::,... r­
e1Q. ~'l.."- ei gL~,.. 
'...':I~r" 
, \.c t." . ,qqq • o ~ I . 9~ 
.;., ­ ',..,
'1} ~ 
Figure 7.3: Stress distribution in a wall remaining straight 
(curvature = 0) - reported by Stoffers (1978) 
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Figure 7.4: 	Stress distribution in the cross-section in the 
middle of a wall, in the clastic range, for var­
ious values of ..e/h - reported by Stoffers (1 978) 
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Stoffers reports that, depending on the length to height ratio of the 
wall, the distribution of stress at the midpoint alters as shown in 
figure 7.4. For short walls, (l/h = 1) he reports that the tops of 
walls actually go into compression. Getting a stress distribution 
curve that crosses from tension to compression implies that there 
should be a neutral axis at the zero point and that there is rotation 
about the neutral axis. This is easy to accept for a case such as is 
shown in figure 7.5 where the base of the wall is rigid axially but 
not in bending. Thus resistance to shrinkage in the retaining wall by 
the base restraint causes curvature of the wall-base composite, with 
the resulting compressive stresses at the top of the wall. In the 
case of the wall where the base is so rigid that it cannot bend, 
curvature in the upper part of the wall may be explained by studying 
the directions of the principal stress vectors. At the ends of the 
wall, there is a significant stress component upwards, thus in these 
zones there must be an upwards strain relative to the midpoint. The 
top of the wall must therefore develop a slight curve. If the 
compressive stress induced in the concrete due to this curvature is 
greater than the axial tension component due to shrinkage in any part 
of the wall, then that part of the wall will be in compression. 
The writer suggests that the behaviour of concrete around reinforcing 
is similar in nature to this. The results shown in figures 7.3 and 
7.4 were derived from elastic analyses which are not unreasonable for 
steel concrete composites. On the other hand, the behaviour of the 
concrete surrounding a bar is definitely non-linear. Nevertheless it 
can be seen that at the outer fibre of concrete cover, a curvature 
could develop due to differential radial strains between the zones 
adjacent to primary cracks and the zone midway between cracks. This 
will occur whether the greater extension in the end zones is due to 
elastic straining, plastic straining or discrete cracking at diagonal 
angles. As the length between cracks becomes shorter, so the axial 
tension component in the outer fibre will reduce, and the transition 
will be made from tension to compression. 
stoffers reports that for walls, it has been found that the stress 
distribution is directly related to the ratio of length to height. 
Considering the experimental finding that crack spacing is 
proportional to cover leads one to wonder whether a similar situation 
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applies in the consideration of the concrete surrounding a bar. This 
aspect has already been discussed briefly in the previous section 
where it was discovered for the F.E. models that the relationship 
seems to hold for crack spacings above 80 mm, but not otherwise. 
Unfortunately only two analyses were done on a model with 
cover:spacing ~ ~ . Further investigation on some of the models with 
the smaller cover dimension might show more clearly the point at which 
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Figure 7.5: 	 Stress distribution in a wall connected to a flexurally 
non-rigid floor - reported by Stoffers (1978). 
In view of the difference between stress transfer in the wall example 
and in the bond situation, we could expect that the relationship 
between cover and spacing should not be one of strict proportionality. 
Some power law, to allow for the radial spread of stress and changing 
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moment of inertia of the concrete surrounding the bar, would not be 
unreasonable. The writer's analyses do not however provide sufficient 
data to make any predictions on this score and more tests, 
experimental and analytical, would need to be done. 
7.4 EFFECT OF BAR TYPE AND CONSIDERATION OF THE MECHANISM OF BOND 
From his series of tests, Hognestad (1962) found that American 
deformed bars were 1,6 times as effective at controlling cracking as 
were smooth bars. 
Anticipating similar results with British steel, Base et al (1976) 
conducted tests where one of the major variables was the type of bar 
used. The results showed, somewhat surprisingly, that the crack widths 
for plain round bars were on average only 20% greater than those for 
deformed bars. The type of deformed bar was found to make little 
difference. 
Most researchers have related their developments of cracking theory to 
the maximum amount of stress transferable from bar to concrete via 
bond stress, on the grounds that it was only after sufficient tension 
had built up in the concrete, that a new crack could form. With the 
advent of deformed bars and their greatly enhanced bond strengths, the 
bond strength theory began to lose credibility. Comparing the crack 
distributing abilities of various high bond bars and plain bars, Base 
et al (1976) found that the high bond bars were only about 20% more 
efficient than plain bars. Beeby (1970) comments that this difference 
is much smaller than that suggested by other workers amd much less 
than the ratio of bond strengths of smooth and deformed bars. 
As a result of the finite element analyses which have been performed, 
the writer believes some comment may be made on the nature of bond as 
it has been portrayed in the analysis results. 
Almost immediately load was applied to each of the F.E. models, they 
started to exhibit non-linear behaviour in the "corners" at the 
primary cracks. At very low loads there appeared in these corners 
secondary cracks that exactly parallel those found experimentally, 
with the exception that the cracking load seems raLher low. with 
162 
increasing load, this mode of cracking extends rapidly along the bar 
until, in most cases, it reaches the plane of symmetry between cracks. 
This, at first sight appears to indicate complete bond failure along 
this zone. 
This occurs in the models at steel stresses that are so much lower 
than those attainable in practice that this discrepancy cannot be 
blamed on a poor calibration of the concrete model. (With the NOSTRUM 
damage model, it was possible to blame the concrete model for the 
halting of the analyses at this point because the scalar damage 
parameter used, caused the programme to consider a crack in one 
direction as destroying the concrete's properties in all other 
directions too. Thus no further mechanism could be found in these 
models of transferring load across this zone of damaged concrete.) 
The question then arises as to exactly how there can be an increase in 
the load transferred to, and carried by the concrete after internal 
cracking has occurred all along the bar/concrete interface. Assuming 
that the secondary cracks have widened to a degree such that there is 
no longer a possibility of any tensile stress across them there appear 
to be two further mechanisms by which the concrete can continue to 
carry load: 
(i) 	 the remaining "teeth" between the secondary cracks, 
could carry load by bending (as proposed by Leonhardt 
1977). 
and (ii) 	 they could act as struts, provided they have something 
to kick against. 
The answer appears to lie in consideration of the cause of the 
tertiary cracks observed normal to the e - axis. In other words, after 
the secondary cracking has occurred, some degree of ring tension 
02curs outside of the zone already cracked. The mechanism of this 
formation of ring tension is probably one of strut action. The 
orientation of the secondary cracks, observed by many authors, is 
extremely favourable for strut action being the predominant mechanism 
rather than bending but there is probably a small element of the 
latter too. 
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The strut and hoop tension theory has for some time been proposed as 
being the mechanism by which bond operates (e.g. Reynolds (1982)). The 
NOSTRUM models indicated that this type of bond was starting to form 
at the stage when those analyses terminated. consideration of the hoop 
stresses (see figure 7.6) and cracking due to these stresses at 
slightly higher loads than those reached with the NOSTRUM models shows 
that it does indeed seem to form. Unfortunately no principal stress 
vector plots are available to prove, in a visual manner, the existence 
of the strut forces but their existence is the only reason the writer 
can put forward to explain the presence of the hoop stresses. 
NaITs: 5k~ss Cof\tou.c5 , ... Mf'o. 
tW!.. ~s;o" 




Figure 7.6: 	 Hoop stresses in model AlB just after first longitudinal 
(hoop stress) cracking (Increment 5). 
It may be postulated that the secondary cracks which the F.E. models 
have indicated start occurring at a very low load, do not constitute a 
significant loss of bond, and therefore composite stiffness, in a 
reinforced member. In this regard the writer is inclined to trust the 
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general trend shown by the analyses of gradual softening of the 
composite due to these internal cracks occurring. 
Indeed, it may in fact be true that the commencement of internal 
cracking simply indicates the satisfaction of the compatibility 
requirements for a shift in bonding action from one of shearing to the 
strut and hoop tension mechanism. 
Real loss of bond probably occurs through one of two mechanisms. In 
the first instance the concrete could crush where it bears on the 
reinforcing ribs, and thus alleviate the strut and ring tension 
stresses set up. Secondly, the concrete could start fracturing in a 
direction longitudinal to the bars, thus relieving the hoop tension. 
Once one has accepted that a major factor in providing bond in 
reinforced concrete is by strut and ring tension action, one can 
perhaps explain the discrepancy between results obtained in pullout 
tests for bond, and the apparently disappointing results obtained for 
the crack distribution characteristics of deformed bars. In most pull 
out tests there has to be a reaction applied to the end of the member 
being pulled. Usually one would try to apply this via a platen with a 
large hole in the centre so as not to unduly influence the concrete 
immediately surrounding the bar. With the strut action, however, the 
zone developing useful compression would simply shift outwards to the 
position of the applied reaction. Through the action of friction this 
would take over much of the outwards thrust that would normally have 
to be taken by the ring tension, thus allowing more load to be carried 
by the bar before hoop splitting occurs. In addition the application 
of the reaction force might generally raise the level of hydroststic 
compression in the concrete, thus raising the level at which shear 
failure might occur in the concrete which kicks against the ribs on 
the reinforcing bar. Making the concrete sample bigger and bigger so 
as to apply the reaction further and further out would indirectly have 
the same effect in that there would be more concrete to provide 
restraint against hoop splitting and any possible increase in volume 
due to shearing of the concrete. 
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concrete does reach the 
the F.E. 
lure 
show it will. 
coarse, but the models 1 
7.5 REASONS FOR CRACKING AT LOWER STRESSES. 
The reasons for the F.E. model's at far below 
those obtained in practice remain unresolved. The calibration of the 
concrete model appears to be approx cOt"rect to 
stress at which Ie fai occurs. This has been tested with 
uniaxial and tensile models that as red. 
The writer is inclined to believe the of the 
models, and thus the very h of stress builds up 
in the "corner" formed between the bar and a primary crack. Thus it 
seems the 
stress in area at the load that 
ttedly, the tolerance used was 
analysed of the appl loading without convergence 
, even with very tight tolerances. In both the 
NOSTRUM and models are in approx on the very low 
of 	 first occurs. 
The can some for future 
investigation: 
(i) 	 There may be some "size effect" in life 
which the F.E. are to model. The 
of surface in 
stress space may in that respect be completely the 
wrong type of model for concrete. 
of the concrete's 
tensile curve that was too 
have the effect of load from 
cracked areas too quickly and thus propagating cracks 
than in a • Th however would 
not affect the load at which cracking started in the 
"corners" of models. 
(ii ) 	 The use a 
Various 	 are more better on 
the fracturing of concrete under all of stress, and on 
concrete's tensile stress curve. As has 
on 
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been noted earlier in the text, this type of research requires some 
very expensive and sophisticated machinery. The writer will propose in 
the next section, a series of tests that could provide many of the 
answers to the above problems by "back-calculation" from a set of 
experimental tests that would be relatively simple and inexpensive to 
conduct. 
7.6 PROPOSAL FOR A SERIES OF CALIBRATION TESTS 
One of the most obvious needs in trying to calibrate and check the 
results of analytical models such as the F.E. models analysed by the 
writer, is to have an adequate base of experimental data. 
What little data has been available to the writer has shown that the 
mechanisms brought to light by the F.E. models appear compatible with 
reality but the actual stresses, at which the various types of 
cracking happen, appear to be somewhat out. 
The traditional type of experimental work that has been carried out on 
cracking of concrete has involved measurements of stress and strain 
that are really too coarse to give adequate definition to what is 
happening inside the models. Here, coarse is not meant in the sense of 
being inaccurate, but rather in the sense that the measurements tend 
to represent average values of stress and strain and do not give the 
detail that is necessary for a proper understanding of the problem. 
To physically measure all of the detail required appears to be an 
impossible task with our present technology, and bearing in mind the 
random nature of the composition of concrete and the fact that its 
inelastic behaviour is, as a result, somewhat random too. This was the 
major reason why the writer decided to try finite element modelling of 
the problem. It was hoped that the models would afford the detailed 
information that the experimental results failed to do. 
This has indeed been the case in that, although they failed to portray 
the full load-strain response of the models, the F.E. analyses did 
show the manner in which one could expect the stiffness of the models 
to vary as a result of the occurrence of cracks and the mechanisms 
which should control this. 
at ways to overcome the of 
definition experimental data, the that 
f te element could give a accurate indication of 
the overall of the (at least from a 
mechanistic point of view). This led the writer to whether or 
not a s models not be used to 
calibrate the F.E. models. This could have several advantages. The 
a 	 tests concretetests 
prisms with a bar. The a 
series of members from less than the 
crack to many the The 
would be to measure the load-strain response of the members, 
thus would be 
stress measurements would not be made, would 
be made on of occurrence of phenomena such as 
and the 

) • Some fairly 
 , such as ultrasound for 
instance, have to be used for of the 
cracks, but have been well over the years. In 
addition the non-destructive tests should checked against some 
models where the of has been "frozen in" 1 
ink or resin into model. The that the tests could 
be out in the following 
( i ) The of concrete could be 
low 
response the members under 
that are to cause 
to form). This should be 
out for several different lengths as 
done • A curves 11 
now 	 be up such as those shown in the load-strain 
of F.E. in x E. 
the to the at which new 
cracks occur should enable one to plot the in 
across the family of curves built up from the 
tests (i) above. 
(iii ) It would be to the unloading and 
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curves as well to observe 
on bond. Unl should be 
from various levels curve. 
(iv) Different ions of model cross-sectional 
area, I steel content, could be 
tested as above to 
in their which are changes 
of 
The ter suggests of curves by series (i) 
above may be used for via the 
te element models, more realistic models concrete than 
are obtainable with tension tests on concrete, even 
if are carried out on machinery. Because of 
of stresses occurs at the ends of the members 
zone that concrete need to be 
ned for the first behaviour, 
and fracturing. 
Because of the presence of the bar and the small size 
zone of concrete will be fractured, test should be 
stable and sudden propagation of cracks due to release of stored 
energy in the testing rig shouJd not occur. 
series (ii) should be of use ln a more viable 
model for concrete that can take account of the release of 
energy the model f that will cause 
sudden large displacements to occur. (Failure of the 
ABAQUS model to to I under this of act 
seemed to be a cause of the nation of the 's 
. ) 
Series (i) and (ii) would define the of a 
particular of bar and concrete cross-section in terms of 
its • Should these curves prove to be 
and, of the inevitable errors and random 
variations in behaviour, the writer can see no reason why 
they should not be, knowing the posi on the load-strain curve of 
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any particular sample should tell one exactly In what ways it is 
cracked. (One must also know the loading history of the sample for the 
above to apply). 
If, by carrying out some tests on members with different 
configurations, we could find out what effect these changes in 
configuration had on the load-strain diagrams of the respective 
members, we would in turn have found out what effect these changes 
would have had on the cracking that might have occurred in any similar 
member. 
This starts to have interesting possibilities for determination of the 
cracking behaviour of concrete members due to early age effects. By 
finding the position (at first application of external load) on the 
load-strain curve of a member which has been strained and cracked 
(perhaps only internally) due to early age effects, we could begin to 
quantify the extent of the early-age cracking. Some extra calibration 
by simulation of experimental results with finite element modelling 
would be necessary in this case to take account of the gradients of 
strain which occur due to both thermal and drying shrinkages. 
Finally, the possibility exists, that with a fully calibrated set of 
load-strain curves, one could carry out full-scale load-deflection 
tests on real structures to determine the extent of cracking and built 
in stresses and strains that exist in the structure due to early-age 
effects. An example might be to measure the total extension of the 
walls of a circular reservoir as the load increases under the applied 
water pressure of first filling the reservoir. This would then be 
compared to the calibrated curves to see whether one could position 
the response of the reservoir on the calibrated curves. 
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CHAPTER 8 
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH. 
8.1 LITERATURE SURVEY OF C[JRRE~ STATE OF KNOWLEDGE. 
In the literature survey out for this the 
single most aspect that struck the writer was the lack of a 
cohesive and theory that could 
reinforcement controlled cracking in concrete. 
A great deal research has been done, resulting in a number of 
empirically relationships between cracking and various 
variables. can be as effective as the bond 
joining it to surrounding concrete, the most start 
point for crack control theories was to base them on the bond between 
bar and concrete. These have however been shown 
empirically to be and has been on ever for 
reasons as to how to the deviations. 
In the writer's , this search has failed up to now because 
has concentrated too much on trying to between 
and a few "macro" parameters. In terms of the 
in the Addendum writer that these were often 
of too high an order for the level of attempted. 
that some cases are even "pseudo" 
with a fortuitous to the or 
ze of cracks. 
writer has found that the problem of due to restraint of 
thermal and movements has really been 
addressed for the case of full ied restraint. In this 
the level of the involved is on a 
par the almost of ied loading. 
The more complicated case of age due to various forms 
of applied has not been addressed at all 
in the in other than a very way. 
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With regard to current codes of practice, the writer has found that 
these reflect the levels of knowledge and understanding of cracking as 
described above. The writer suggests that the formulae quoted in the 
codes are for the most part adequate "rules of thumb" but should not 
be considered to be much more than that. 
In the case of the code of practice for liquid retaining structures BS 
5337, the writer suggests that the theoretical derivation of the 
minimum steel requirement to prevent the occurrence of wide cracks due 
to yielding of the reinforcement may be flawed. This could result in 
an underestimate of the steel requirement. 
The writer also found that BS 5337 fails to draw attention to the fact 
that in some instances both early thermal effects and effects of 
applied loading can assume significant proportions. The code does not 
specify that reinforcement required for early age effects and 
subsequent applied loading should be additive. 
8.2 INVESTIGATION OF POSSIBILITIES FOR FURTHER RESEARCH. 
It was found that to have any possibility of making any significant 
advance in understanding the mechanisms of cracking it would be 
necessary to find ways of examining the problem in far greater detail 
than has been the case up till now. 
It was found purely from a point of view of physical and technological 
constraints, that it would be extremely difficult to obtain the 
necessary information by experiment. Experimental work with a variable 
substance such as concrete also necessarily involves a great deal of 
repetition to remove random effects. 
In the Finite Element method the writer found a ready tool for 
analysing the problem. Recent developments in non-linear material 
modelling made the method particularly attractive. 
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8.3 CONCLUSIONS FROM FINITE ELEMENT ANALYSES CARRIED OUT. 
8.3.1 NOSTRUM damage mechanics modelling. 
In the series of models analysed using the NOSTRUM programme and the 
damage mechanics model of concrete, the analyses were found to 
terminate at rather low loads due to equilibrium convergence problems. 
Before termination, the analyses showed that the zone of concrete 
immediately surrounding the bar would crack and become totally 
incapable of carrying load by shear at a much lower load than was 
expected. Examination of plots of the principal stress vectors showed 
that the cracking would be aligned diagonally in a manner that has 
been well established experimentally. 
It seems probable that, equilibrium convergence problems aside, the 
current damage mechanics model would be incapable of analysing the 
problem to a reasonable level of load. This is because the damage 
parameter used was a scalar value, and after secondary cracking of the 
interface zone around the bar, no further mechanism could be found to 
carry load across this "totally" damaged zone. 
8.3.2 ABAQUS modelling. 
Because of its ability to crack vectorially and then carry load across 
a cracked zone either in compression or in another direction, the 
ABAQUS concrete model proved superior for the writer's purpose when 
compared to the NOSTRUM damage model. This model, however, still 
failed to perform 100 percent adequately. It appeared to have 
numerical/convergence problems as soon as any mode of cracking 
occurred where the resulting displacements were not controlled by the 
nearby proximity of a reinforcing bar. As a result it was not possible 
to model the full response of the longer models. 
8.3.3 Mechanisms displayed ~ the models. 
It was shown quite clearly that the only way in which a significant 
amount of bond can be achieved between bar and concrete is by a strut 
and ring tension mechanism. 
The intuitive 45° was found not to th regard to the 
stresses.of 
It seems probable that for spacing to cover ratios, new primary 
cracks as a of propagation of or secondary 
cracks from the surface of the reinforcement For larger 
to cover direction of of cracks 
random and on weaknesses the concrete. 
In the models surface compressive stresses were found to occur 
between cracks in of of some 
researchers. A mechanism has been proposed for the of these 
stresses. 
As a result of noting the effect of various modes of on the 
overall load-strain response reinforced concrete, writer 
that finding the of the behaviour of any 
member on this curve might a better way of 
that has occurred member than by to 
the and number of cracks. 
8.4 RECOMMENDATIONS FOR FURTHER RESEARCH. 
One of the most noticeable results of the analyses was 
low level of loading at which the modes of occurred. 
Further research is needed in was as a 
the 
of a effect not allowed for the analyses or whether was as 
a result of poor calibration of the ~o.~~o portion of the concrete 
curve. 
testsa ofhas 
designed to pursue almost any avenue of cracking in concrete by 
the overall load-stra 
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ADDENDUM 
PHILOSOPHICAL CONSIDERATION OF SOUND 
AD.l INTRODUCTION 
of F.H. Wittmann the concept 

three structural levels, 
 the 
and macrolevel. called by Witmann the or TL 
AD .1.1 
writer would like to perhaps I for reinforced concrete 
structures, there are four levels broadly as 
Level 4 : The level - concrete 
(macrolevel) are to act as 
Level 3 is taken of the fact that 
concrete is made up of concrete, which works in 
and steel, which works in 
Level 2 taken of fact that the concrete 
component mentioned above, is made up of 
stuck by a cement paste. 
Level 1 	 The sub-atomic, atomic, molecular nature of the 
various of concrete are is 
the lowest level. 
of different levels is ly 
because the sub-division is made in terms of the components 
whose are used to and 
models associated with the Thus it is apparent that 
the "structural levels" are somewhat and 








There is a between that are sought and 
the level of that of 
those results. 
we might want to 
predict could fied on the macro to scale according 
to the level which makes the 





AD.I.3 Parameter Levels 
levels leads 
to the that the used in the description of 
or physical models at the levels should also be 
according to some h 
In , the of different 
of levels. The has 
chosen the term "dependance level" to this hierarchy, and to 
that it the degree or 
determines where a in the 
AD. 1.4 
at this to define some terms are needed to 
the various levels of dependance. 
It 
for its 
value or other parameter. 
a which does not 
Low parameter: a which is not absolutely 
but where of 
on othe~ pa~amete~s is 
e.g. inter-molecula~ fo~ces, wate~/cement 
~atio. 
High Level A which in fact 
absolute 
a combination of 




Pseudo a high 
would be one 
certain lower level 





but rather only 
of the lower level 
used because it 
are not. 
e.g. time, used as 










Dependance Level: 	 the position of a in the 
absolute low to h range of 
AD.2 A FUNDAMENTAL PRECEPT 
A point of in to create a model of any 
natural phenomenon to assume that, no matter how 
phenomenon I there are a 
whose whenI 
whole. In other words, it is 

exactly a set of 
 or 	 laws. 
A problem th this fundamental 
random occurrences. A impulse to 




could say that the result is 

a 50% chance of each of the 

the 
number of total 
behaviour of the 
any 
say 
how to model 
the 
consider the tossing of a 
two possibil 
coin. One 
saying that there is 
of heads or tails 
AD.4 

Al ,one could that there are 
such as the coin's i vector of motion I air stancel etc. 
, for anyone I uniquely nes the resul t. 
may be as correct according to the observer's 
of the scale of of the occurrence. For 
the most part one is content to say for si such as 
a coin, laws of probabil the outcome of 
anyone event. For reasons which are discussed in AD.4 one 
can then build on th definition other 
occurrences which are dependant on first one. 
AD.3 CHOICE OF MODELLING PARAMETERS 
When analysing a structure, the that are to be analysed for 
predetermine the of the structural model which is chosen. 
model must be at a level which takes 
effects that are 
The primary of this addendum is to out that in order to 
model any occurring one must seek 
about the the that it at 
the lowest level. 
level and 
various However, the point made here that, 
because these h level themselves depend on so many 
variablesl any relationships based on them cannot be reI upon 
of the range of experimental values upon the 
when the of the h level 
parameters themselves are known in terms own that 
they may be used with as in their own 
A to real is the way a digital 
At very lowest we have a series of 
binary or bits ch are the of functions 
- namely t are on or off. 





the most of inking of these bits to give us 
the ng power that we at our today_ 
However, it would be if every user had to think in terms 
ts and Thus high level were written that are more 
to the human wanting to a The 
analogy continues with the sophisticated programmers 
becoming the ultra high 1 " " of 
for a moment the reverse tuation of the of 
down a into its absolute components if one no 
knowledge of the manner in which it worked. 
If one were to make a study of cause and effect one might end up 
ng, after a that on the 
keyboard were the absolute parameters that 
the One might that the effects of were 
on whether or not other had been used. s lead 
one to the conclusion that these particular were not absolute 
but ratherl were at a level in that 
actions were dependent on other keys. 
Depending on what computer was set up to do one might say after a 
n ~uount of research work that one now knew the exact way in 
ch it 
then one's if while one's back was turned, 
someone loaded a different programme into the and all 
one's ous was turned down. 
Thus it seems to be with real world. Our of 
many so that we f that the apparent 
any more. 
As an of the world I the ence of 
Chemical reactions were not even remotely understood 
before chemists and sts to the actual nature 
of the structure of the atoms that were involved the reactions. 
This understanding of the lower then enabled them to 
AD.6 





The point being made here is if the did not know that 
there was such a thing as a programme, his analysis of the 
would be ess. In the same way, 
exist In real problems. The real task the analyst is to f them. 
Because many analysts, of 
often take the easy route and simply try to relate sometimes 
arbitrary to results, the 
mathematical models often much to be desired. The ter 
believes that there is a in a particular problem where 
such research at the macro level becomes more or less 
meaningless. Different methods must be tried if progress is to be 
made in those which do not 
quickly to 
AD.3.1 
The writer proposes the that models and must 
be of a cons s level must also be the 
level of accuracy red of the predictions of the 
This may appear at f to be stating the , but examples 
abound where are misused for 
To state the A parameter must be of or lower relative 
than the model in which it is used in 
turn must be of or lower level than the results sought. 
It will be in this thesis that in the field of formulae for 
of concrete many of the with these 
formulae are due to s kind of of 
AD.4 STATISTICAL VERSUS MECH~~ISTIC APPROACH TO MODELLING 
In any study there is a 1 t to the amount of 
data that can be recorded. It often not physically or 
AD.7 

technologically possible to measure all of the parameters involved. 
Usually too, the measurable parameters of any experiment are high 
level ones or, quite likely, pseudo ones. The real parameters are 
often too many in number and too difficult to measure. 
Thus there is always the temptation to look for oversimplified models 
of the phenomena being investigated. It is then all too easy to put 
all the lack of fit of the experimental data to the "theory" down to 
experimental scatter and introduce concepts of probability to explain 
this away. 
Probability theories, however, are only as good as the models and 
parameters on which they are based. For example, given a pack of 
cards we can calculate exactly the probability of certain cards coming 
up under certain circumstances. We have all of the "absolute" 
parameters in this case. Say perhaps, the composition of the pack 
itself was changing. How good would our probability theories be then? 
The reason is obvious, the parameters on which the probability theory 
is based are no longer absolute. 
Therefore, it seems there are two ways in which the probability theory 
may be used: 
(i) 	 The right way: all the parameters are known in their 
absolute form. 
(ii) 	The wrong way: probability theories are introduced to 
explain away inadequacies in our knowledge 




METHOD OF LABELLING FINITE ELEMENT MODELS 

The the of label finite 
element models which were 

Each name consisted of three or four digits as follows: 

(i) 	 The first t the model used in 
the analyses! 
D Stands for mechanics. 
and A for concrete model. 
(ii ) 	 The second indicates the primary 
cracks 	where: 

I 80 mm 

2 120 mm 

3 160 mm 

4 240 mm 

5 320 mm 

(iii) The third t represents in other 
than the between cracks or changes 
of the continua elements. 
the models were run more than once, 
incrementation and schemes and 
different The various different 




SAMPLE DATA DECK FOR ABAQUS MODEL 
(Model AIF) 
AEAQUS p~DrUCTION V[PSION q-~-15J DATr 0lZ31:'6 TJf'E 220316 PAGE 2 
rCR US E UY THE UNJV. or CAP 
ACAD E~ IC lIC[N5E ~ROM HKS, 
ArllQUS N PUT f C H (1 
5 lC'1 J5 28 ?S J( JS "(1 q5 s o 55 60 65 70 75 80 
OHEADTNG 
~OD[l AI~(I) - rAP=IU C=~Q 5=PD 
.NO[)E 
1,0.0[10,0.2('0 





(IIRI:' 1 C 8°,f?6,1 
1,8 Q ,11 
2,90,11 
3 , q I , I I 
",<;1Z,11 
C~R[, I !: 5,93,11 
6, 9~ , I 1 
7,9":, ,II 
8,96,11 
q ,97, I 1 






















CARC' q C .rL~[T,rLS[T=(OPNrR 
1,2,J,12,13,52 
5 I [1 15 2 0 Zt:, ]r .15 ~r ~s 5C 5S 60 65 70 7':; ac 
IV 
--------------------------------------------------------------------------------
ArAQ1I5 PPOrVCTI0N VERSION 'l-5-I~d 	 DATE" 012386 TJ"'[ 27C316 PA GE 3 
rOR USE BY TH[ UNIV. or CAPF 
ArA~E~IC LICENSE FROM ~~S, 1 




































































2 , 2 , ) , 1 , 1 , 2 
2,2,2

CAR[\ p (. ONODE PRINT 


























" IW < ~~ 
tL 
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SAIvlPLE OF PRINTOUT 
I 
Ar~QUS PPCrUCTION V[PSION ~-5-151 	 DATE' 012386 TI""[ .2.20"59 PA GI 
MOrEL ~I~{I) - BAR=IO C=~O 5=80 STEP INCPE~ENT ~ 
FOR USE BY THE UNIV. OF CAP 
ACADEMIC lIC[~St rROM HKS, 
ITERATION NO CONVrRGENC[ 
MAXIMUM RESIDUALS A550CIATED rlTH EACH D.o.r. PAXIMUM DISPlACFMENT INCP[MfNT ASSOCIATED ~ITI 
P.O.F. 	 MAXIMUM OCCURS AT O.O.F. MAXIMUM OCCU~S AT 
RESIDUAL NCar DISPLACEMENT NODE 
INCREMENT 
I 1.C?q7_00~ 1 ~ I I.P8 S -0 0 7 3 
2 -7 • 1 f' I~ - CQr:; 7.5 '2 -1.1"1-0 0 6 10 
IT[RATION 2 CONVERGENT SOlUTI~N 
MAXI~UM RESIDuALS ASSOCIATED \"ITH EACH o.o.r. MAXIMUM DISPLACEMENT INCREMENT ASSOCIATED wlH o.o.r. 	 MAXI,...UM OCCURS fq D.O.F. MAXI""UM OCCURS AT 
RESTDUAL NODr OISPlACE""ENT NODE 
INCRrl"ENT 
1 l.e r ,8-00 5 1 ~ I J.06S-007 J 
2 1.1~9-005 3 2 -1.15~- 00 6 1 r:J 
TI""E COMPLFTrr DURING THIS STEP I-lSO. OOI. TI"'Ir IN(R[MtNT COMPLETED IS ~.SOO.['OO, FRACTION or STEP IS 7.IP7 · 
TOTAL ACCUMUl~TED TI~E IS 1.150+ 0 01 
E L E MEN T OUT PUT FOR E l 5 E T CORNU' 
EL[MENT POINT 
STRrsS COMPONrNTS 1.8~8·0ro 2.386.001 2.916·000 -1.B50·000 
STPES$ TNVAr;'IANTS MISrS 2.17~·OCI TRrSe" 2.2J3·0CI fOU.PRESS -q·5~J·O(10
PIJNCIPAl STrESSES 1. 6 9~·O ( 0 2.916·[100 2.~02+001 
TOTAL STR,e.IN COMPONENTS -J. CD3-0 C5 l.r89-00~ -2.329-005 -2.331:j-005 
rLF~tNT POINT 2 
STRESc CC'MPONFNTS ~.J09·CCO 7.961·001 5"3 77 .000 -7.82~-OOI 
STPESS I NVAP I ANTS "II SE S 2.~(l2·Lrl TRfSCA 2.535+001 Eou.rRE SS -1.310·001 
PFH:c IPH 5TRESSF5 ~.285·0CO ':,.377.000 2.963+001 
T~TAL STRAIN CO~PONrNTS -3.003-0C5 1.296-00~ -2.329-005 -C?·875-006 
ElrM[NT POINT 3 .() 
STR[S5 COr-'lPONENTS 5.,:)86.000 2 .~, 'f 7 +0 01 ~.518·000 -2.0C?6-001 I\J 
5 TP[ 5S INVARIANTS .., I S[ S '2.0~~+O C I TRrSCA 2.~9S.001 (OU.PRESS -1.186·001 
rrINe IrAL ~,Tp.Essrs ~.SI8· 0CO r:, • r: e ~. ~ DC 2. ~7.0ClI 
APAQUS ppcrVCTrON VERSION ~-5-151 D~T[ 0123£'16 Tlr-'E 22u~59 
~OrEL AlrCI) - PAp=IC C=~O S=80 
TOTAL STRAIN CO~PONFNTS 
[LE~ENT rOINT ~ 
STRrss (O~PONrNTS 
STP[~ S INVARr~NT5 _ ~rSES 
FFINcrrAL 5TPE55ES 
TCTAL STRAIN CO~PON[NTS 
[LEMENT 2 POINT 
STRESS COMPONENTS 
STPESS INVAPIANTS ~I5E5 
PFINCIrAL 5TRE~~[S 
TOTAL STRAIN COMPONENTS 
PLASTIC STRAINS - MAGNITUDE 
COMPONENTS 
CONCRfTr CRAC~[r IN QIRECTION 
ELE~ENT 2 POINT 2 
5TRrS5 COMPONENTS 
sTRr5S INVARIANTS ~ISES 
rrIr.JCIPAL SH' ESS[S 
TOTAL STRAI~ COMPONENTS 
PLASTIC STRAINS - ~AGNITUr[ 
co~rONENTS 
L[MENT 2 POINT 3 
STRrSS CO~PON[NTS 
STP[SS INVARIANTS ~ISES 
PRINC IPAl STPESSEs 
TOTAL STRAIN CO~PONfNTS 
PLASTIC 5TRAINS - MAGNITUDE 
COMPONENTS 
CONCRET[ CRACKED IN DrRECTION 
FLEMFNT 2 FOINT ~ 
5TRES~ COMPONENTS 
5TR[~5 I~VARrANTS ~IS[S
rPIN( IrAL ~TR[S5Es 
TOTAL STRAIN COMPONFNTS 
PLASTIC STR~lN5 - MAGNITUDE 
CO~PCNEN15 
-1·6 5~, -or5 
B.0~7+0[0 
2.]76+0 CI 
6.979+ C C8 
-1.6S~~-0(S 
e..998- 0 CI 
3.600 +0 CO 
-~.~79_ 0 (1 
5.755_cr5 
5.676-0C5 
2. f'~ "-0 CS 
5.957-0(1 
I.r$t+ cro 2.1 +O CO 
-2.'t~8-0() 
S.7 5 5- 0CS 
2. 2 16-0(5 
1.693-0rs 
1.320+ 0CO 
~.~O9+ 0 [0 
-1. C36+0 ( 0 






-1. (1 99+ 0(0 
1. 0 57- 0( ~ 
S.3~O-0(S 



























TFT SC A 
-1.167-rOI 
J. r:O Q-DOC: 
ECUIVALrNT 
2 .0., 6 -0 o~, 
-2.329-005 
6.979+000 
2.~26+0 0 1 














1·16~- OO S 
-5.236-0 0 1 
~.7"3+ 00 0 
3.707+0 0 0 
1.168-005 




~.~88+0 0 0 




























PA G E 
STEP INCRE~ENT ~ 
FOR U5E BY THE UNIV. OF CAPI 









.n yIELDING w 
AFAQU5 pp[rUCTION VERSION '+-5-151 	 DATF 012386 TIME 22':;'+59 PAG I 
MOrEL AIF(I) - rAR=IC C='lD 5=80 STEP INCRE~ENT r 
FQR U ~ [ TH~ UNlV. or CAP~b V 
ACAC [ MIC LICE~Sr FROM HKS, 
ITErATION 2 NO CONV[RGENCr 
~AXIMUM PESIDUALS AS SO CIATEQ I'ITH EACI~ r.o.r. ~AXIMU~ DISPLACEMENT INCH[MENT ASSOCIATED WTTI 
r.o.r. 	 M A xr~UM OCCURS AT D.O.F. MAxiMUM OCCURS AT 
RESIrUAl "'('DE D I '3 p LAC EM E ~J T NODE 
INCRErAE NT 
1 -1.8J 2 _00'l J I ).961-0 0 7 J 
"] -1.27[.-00 '" 'l 2 -1.'+83-[106 10 
ITEPATJON ~ CONVEPGENT SOLUTION 
MAXI~U~ REsIDuALS ASSOCI~TED ~JTH EACH D.O.F. ~AXIMUM DISPLACFMENT INCRFMlNT A5S0CJATFO wITI
[l.o.r. 	 MAX Ir--' lW OCCURc AT D.O.F. MAXIMUM occUr:>S AT 
RE s r r UAL NODE DISPLACEMENT NODE 
INCREMENT 
-).066-00'+ 3 I 3.612- 0 87 ~} 5.8<">S-OC'5 I Lf 	 2 -1.'lO'l-C 6 10 
T I r- [ (C M P Lr Tr (") [' URI N G T HIS 5 TE P If .926 + 0 Q I, T I .., FIN CP F M [ NT C 0 ~ P LET [ DIS 5 • 695 .. 0 0 (' , FRACTION OF 5TFP IS 3.079 
TeTAL ACCU~ULATED TIVE I~ q.Q2b+ CQ I 
ELEMENT OUTPUT F 0 ". [ L :. E T CCRNER 
[Lf"'[NT raiN" 
STRfSC: COI"PO~ENTS -~.O'i'6+0 CO e.666,,001 -).218+000 -2.727" 0 00 
~TP(:c INVARIANTS MISr.S Q.D'l'i" OC I TRrsr.A 9.092"0[11 EC;· U.PRE~S -2·6'l5+001 
Pf:TNCIPAL STRESSES -'+.178" 0 (0 -3.2IP"COO 8.67 ..... 001 
TOTAL STRAIN COMPONFNTS -I·'ll,+- OC'+ '+.JI)-[10'l -1.J59-0C~ -3.qq2-C05 
rl[Mr:-NT PoINT 2 
5TRrss COMPONENTS -7.'iP3-0 CI '7.'l'f7+rOI 1.2 9 7-001 -I.A,+Q .. CDO 
5 TFT S5 Ti\VAPJANTS - "1I5[S 9.qe'l+ 8E i TRrSCA 9.529+001 EC U• PF [55 -3.1213"0C'1 
r~ pJC Ir AL 5TRESSES -7.8'~2- 1.297-001 9.~50+ 00 1 
TeTAL STRAIN c Ot'l PON r.N TS -1.I.1IQ_O ( ,+ 'I. ,:.9,:.-00'1 -1.359-0 0 Q -2·33Q-005­
n.
[LrMFr-..:T 1 r 	OI NT J .to. 
STRESS COMFON[NTS -1.023+0[0 P.798"COI -1. 9 01+ 0'] 0 -Q.95 5 - 0 01 
STRESS INVAPIANTS ..., I Sf S A.9Q'i"OCI TRfSCA 0.98B"0 0 1 EGU.P P E~S -2.835"001 

P F I ~; C I r AL STf{fssrs -1. 90 1" OC O -1.026"000 8.798+0 0 1 

~r~QU S PRC~U(TION VERSION q-~-151 DATr 012386 
~OrEL ~lr(I) - R~R=lr C=qO S=80 
TeTAL STRAIN CO~PONFNTS -1·JOJ- OC 't -'.313-001.! -1.359-001.! -6.253-C06 
ELEMENT POINT q 
STRE5~ CO~rDNfNTS 
STReSS INV~PIANTS ~15[S 
rFINc IPAL STRESSES 
TOTAL STRAIN COMPONrNTS 
2-J25+ 0( 0 
9. 39 1+ 0 [' 1 
1 ...... 7+ 0C O 




Ai. ': o":, -C'OLf 
1 ... Q7+0 0 U 
9.'i3'HO O I 
9.579+ 0 C l 




[L[M[NT 2 POINT 
STRrss COMPONrNTS 
STPE S S INVARIANTS MTsrs 
PPINCIPAL 5TR[SSFS 
TOTAL STRAIN COMPONrNTS 
PLASTIC STRAINS MAGNITUrE 
CO~PON[NTS 
CONc~rTr CPAcrEr TN DIR[CTION 
-2.'i 0 6+0[0 
5.27"+000 
-3.730+0['] 
5. 00 3_0 C .. 
8.e21-0C~ 
s . fl .76-00" 
s. qr:, 7- 0 [I 
-1.3.2q+Co(l 
T FT SC A 
-1.73'::,-(11£1 
~ ,. 1 3 r:, -c 0'4 
::GUIVAL[NT 
Lf.~) E'~-OOI.! 
-r.CJ7- 0 01 




"·2 3 1.!-0 0 5 
1·1~6-0 0 5 
.GCO 




[ L[~ENT 2 FOINT 2 
STRESS CO~PCNENTS 
5TR[: 5 I~VARIANTS ~TS[S 
P P INe IrAL STPE5~TS 
TOTAL STRAIN CO~PONFNTS 
PLASTIC STRAINS ~AGNITUDE 
CCMPONENT5 
eON(p[T[ CRACKEr TN CIRrCTION 
-2.03~+ OCQ
6."1 +0 ('0 
-S.'i'P+ O CO 
5. 0 03 .. 0 ( " 
7.~) 99- 0 C Q 
5.665-0C~ 
7. 0 13-0(1 
-~."II+DOC 
T RrSCA 
. [, 0 (, 
2 . 5 96-00q 
E QUIVALENT 
J • i 0 C, - C' 0 .. 
-6.11 .. -(101 
1.620+ CJ o O 
7.067+ 0 0 0 
1.620+ 0 0 0 
1·027-00"1 
"1."130-0 0 5 
2.3 c,c,-on5 
.OOG 




rLrMFNT 2 POINT 3 
STRES S COMrON[NTS 
STRE SS INVARIANTS MISES 
r F INC rPAL ~TPE5srs 
TOTAL STRAIN COMPONrNTS 
PLASTrc STRAINS ~AGNITUDE 
COMPONENTS 
CONCrETr CRAcrEr IN rIR[(TION 
-.2.618+ 0 ( 0 
601AQ+ OCO 
-S·IQ9+ 0 ro 
6.~.93_ 0r Q 
1.015-0[3 
7."~9-0[ " 
7. 01 1-0(1 
-2.~31+00[l 
T R ESC A 
-J.'469-018 















rLrM[NT 2 FOINT ~ 
STRESS COMPONENTS 
STRr 5S INVAPIANTS MIS[S 
F' P I N( IrAL STP[SSeS . 
TOTAL STRAIN C O~ PON[NT5 
F'LA5Trc STRAINS ~AGNITUr[ 
COMPONENTS 
- 1 • (, k.. + 0 CO 
6. 0 ; 9+ 0[0 
- 5 . 6("1 1+ 0 [ 0 
6.~~) _Or '4 
9 . C2 'i ­ OCQ 
7. ;'[1 6- 0[" 
-).736+000
TF' [SCA 
. 0 0(1 
7 .r;Q 6 -C O'i 
~r.u r VAlOn 
J. (3 2r;-OO~ 
2.050+0 0 0 
7.651+ 0 0 0 
2.0':· 0 +00 0 
1 . ~27-00 "l 
2 . 85 - 0 0 5 
9·'42"- 0 0 6 
-2.639+000 
EQU.PRE~, 5 
-1.2 2p-C 0 3 
-1·[l5 .. -00J 
Tlr-'1E 2i'lJ'4S9 PAG 
STEP INCRE~ENT A 
FOR USE BY THE UNIV. OF CAP 
ACAD[MIC LICENSE FROM HKS, 
-3.319+ 00 1 
Q·75S-0IJI 











rN ~rRrCTION (I.16B-OCI - :· .769-001 .000 
STEP INCRlMENT P 
FQR USE BY THE UNrV. OF CAP 
ACAr[~IC LICENSE fROM HKS, 
[Lr~[NT J POINT 
STRrss COMPO~[NTS 
STRr s s r~VAprANTS ~rsrs 
p P I~CIrAL STRESsrs 
TOTA. STRAIN COMPONrNTS 
PLASTIC ~TRAJNS - MAGNITUDE 
CO,., P 0 ~ ! E N T S 
CONCR[Tr CRAcr[[ rN rIRECTION 
CONCPETr CRACKEr IN rlRrCTION 
-2·138+ 0 CO 
~.J62+ 0CO 
- 2. I 'i 1 + 0 r o 
-6.867_ 0 C5 
I. I s o-O eq 
-2.!::6~-Or6 









·e ::, o 
1.978+000 
q.5 7 0+ OO O 
2.~29+0 0 0 
1.6a 3 ­ OO 'i 




-1.235-0 0 1 
EG:U.PRE S S 
-5·29~-C22 
-7.552-001 
ACTIVEL 6 yIELDING 8.956-0 b 
ELE~[NT 3 FOrNT 2 
STRESS COM~ON[NTS 
STRrSS INVARIANTS MISES 
FrlNClrAL STPESSES 
TOTAL STRAIN COM~ON[NT5 
PLASTIC STPAINS - MAGNITUDE 
COMPONENTS 
CONCFrTr CPACKEr IN ~IRrCTlrN 















1:).23~+O O O 
2.7~8+0 0 0 









[Lr~rNT 3 rOINT 3 
STRESS COMPONENTS 
STR[~ S I~VApIA~TS MISfS 
p r INCIPAL STr,[SsTS 
TOTAL STRAIN COMPONENTS 
PLASTIC STRAINS - MAGNITUDE 
COt~rONENT5 
CONcrETE CRACKEr IN PIRECTION 
CONcrrTE CRACKEr IN r.IRECTION 
- J • 6 q 8 + 0 ('0 
:: . 880 +-C ( 0 
-].702+ 0C:l 















' .5P8+0 0 0 
1.613- 0(l ~ 




-I . 5 01? -001 
EQu.rR[5S -1.813- 0 
-f3·'i70-022 
ACT IVEL~ yIELDING 
I.09~-C 5 
[L[MrNT J rorNT ~ 
STRrsc COMPONFNTS 
STP[~5 INVARIA~T5 ~Isrs 
r I I ,,; C I r A L : T r E:: 5 [ 5 
TOTA. STRAIN COM~ON[NTS 
PLASTIC ~TPAIN5 - MAG~ITUDE 
COMPONENTS 
CrNCP[Tf (RACKEr IN rr~rCTION 
-3.19~+oro 
6.~q7+0CO 
-~.6 0 3+-0': O 







t· .[1~ I-OO~ 
Er.;utVALENT 
3 • 9 9 J - COr:· 
.000 
2-126+COO 























6. Cracking started in "corner" 
c=J Tertiary cracking started 
c=) Secondary cracking along whole interface 
A36 (50:: l(,o --) 
AS6 (S ~ ~'2.0 ",~~I 
.0 W 
NlJ~ of lnc~ty'\(ln.~ ~ 
FlGU~E D .1 Pl..o-rs OF PATHS OF ABAQUS ANALYSES 


















6 Cracking started in "corner" 
D Ter-tiar-y cr-acking staLted 
~secondar-y cr-acking along whole inter-face 
<=)cr-acked right thr-ough at plane 
(~- lbo""'~ ') 

ASC. (:s. .. ~2.0"",_) 

AGUR.£ .D .2. 
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CRACK DIRECTIONS OF TYPICAL MODEL (MODEL AlB 
of calculation of from rectangular coordinates:­
Angle 1 := direction in concrete fractures 
(i. e. normal to the crack itself) 
arctan (y/x) 
2 := di of actual crack (for 
:=: Angle 1 + 90" 
Inc. of Average Gauss DIRECTION VECTORS 
first strain nt ( ) Angle 1 Angle 2 
(micro­ x y z 
strain) 
1 62.5 3.3 0.7363 -0. -42.6 47.4 
2 125.0 3.1 0.7108 -0. -44.7 45.3 
2 125.0 3.2 0.8432 -0. -32.5 57.5 
2 125.0 3.4 0.8818 -0.4717 -28.1 61.9 
2 125.0 13.1 0.6074 -0. -52.6 37.4 
2 125.0 13.2 0.6868 -0. -46.6 43.4 
2 125.0 13.3 0.6693 -0. -48.0 42.0 
2 125.0 13.4 7375 -42.5 47.5 
2 125.0 23.1 0.5319 -0.8468 -57.9 32.1 
2 125.0 23.3 0.5864 -0.8100 -54.1 35.9 
2 12 0 23.4 0.6408 -0. -50.1 39.9 
3 218.8 23.2 0.7929 -0.6093 -37.5 52.5 
4 312.5 4.3 0.2457 -0. -75.8 14.2 
4 312.5 14.3 0.3884 -0. -67.1 22.9 
5 335.9 4.1 0.0000 1.0000 90.0 180.0 
5 .9 4.1 1.00 
5 9 4.2 1.00 
5 335.9 4.3 1.00 
5 .9 4.4 1.00 
5 335.9 14.1 0.2843 -0.9587 -73.5 16.5 
5 9 14.3 0.3884 -0.9215 -67.1 22.9 
5 335.9 33.1 0.6009 -0.7993 -53.1 36.9 
5 .9 33.2 0.7083 -0.7059 -44.9 45.1 
5 335.9 33.3 0.5083 -0.8612 .4 30.6 
5 .9 33.4 0.7555 -0.6551 -40.9 49.1 
5 9 43.1 0.4860 -0.8740 9 29.1 
5 .9 43.2 0.5687 -0.8226 -55.3 34.7 
5 335.9 43.3 0.5609 -0.8279 -55.9 34.1 
5 335.9 43.4 0.6362 -0.7715 5 39.5 
5 335.9 53.1 0.3588 -0.9334 0 21.0 
5 .9 .2 0.6251 -0.7806 .3 38.7 
5 335.9 53.3 0.4442 -0.8959 -63.6 26.4 
5 9 .4 0.5078 -0.8615 -59.5 5 
F.2 

Inc. of Gauss DIRECTION VECTORS 
first point (rectangular) 1 Angle 2 
cracking x y z 
5 335.9 63.1 0.2075 -0.9782 -78.0 12.0 
5 335.9 63.2 0.3700 -0.9290 -68.3 21. 7 
5 335.9 63.3 0.3011 -0.9536 -72.5 17.5 
5 335.9 63.4 0.5225 ..0.8526 -58.5 31.5 
5 335.9 73.1 0.0379 -0.9993 -87.8 2.2 
5 335.9 73.2 0.0572 -0. -86.7 3.3 
5 9 73.3 0.1372 9905 -82.1 7.9 
5 335.9 73.4 0.2634 9647 -74.7 15.3 
7 394.5 14.4 0.4999 -0.8661 -60.0 30.0 
7 394.5 24.3 0.3222 -0.9467 -71.2 18.8 
8 447.3 4.2 -0.6511 7590 -49.4 40.6 
8 447.3 4.4 -0.4542 0.8909 -63.0 27.0 
8 447.3 14.2 0.3879 -0.9217 -67.2 22.8 
8 447.3 15.3 0.4167 -0.9090 -65.4 24.6 
9 500.0 15.1 0.2557 -0.9668 -75.2 14.8 
10 552.7 5.1 1.00 
10 552.7 5.2 1.00 
10 552.7 5.3 1.00 
10 .7 5.4 1.00 
10 552.7 15.2 2580 -0.9661 -75.0 .0 
10 552.7 15.4 O. -0. -54.6 .4 
10 552.7 34.1 0.1677 -0. -80.3 7 
10 552.7 34.2 O. -0.9648 -74.7 15.3 
10 552.7 34.3 0.2619 -0.9651 -74.8 .2 
10 552.7 34.4 0.3621 -0.9322 -68.8 21.2 
11 605.5 5.2 -0.6446 -0.7646 49.9 139.9 
11 605.5 24.1 0.6784 -0.7347 -47.3 42.7 
11 .5 24.2 -0.7444 -48.1 41.9 
11 605.5 24.4 -0.8302 .1 33.9 
15 671.4 .1 O. -0.9909 -82.3 7.7 
671.4 .2 1208 -0.9927 -83.1 6.9 
671.4 35.3 3091 -0.9510 -72.0 18.0 
15 671.4 .4 4601 -0.8879 .6 27.4 
671.4 64.1 2205 0.9754 77 .3 167.3 
671.4 64.3 0814 0.9967 .3 175.3 
18 740.6 .2 7379 -0.6749 -42 47.6 
20 762.8 44.3 0.1899 -0.9818 -79.1 10.9 
20 762.8 73.1 -0. -0.0379 2.2 92.2 
20 762.8 73.2 -0.9984 -0.0572 3.3 93.3 
20 762.8 73.3 -0.9905 -0.1372 7.9 97.9 
917.2 44.1 0.0622 -0.9981 -86.4 3.6 
25 917.2 44.2 0.4113 -0.9115 .7 24.3 
25 917.2 44.4 0.4358 -0.9001 -64.2 25.8 
25 917.2 63.1 -0.9782 -0.2075 12.0 102.0 
25 917.2 64.2 0.3515 0.9362 69.4 159.4 
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